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IA informée par les structures 
symplectiques de la géométrie de 
l’information et la « thermodynamique 
des groupes de Lie »

Frédéric BARBARESCO
THALES – 21/05/26
Séminaire ARISTOTE

« Au départ, la théorie de la stabilité structurelle 

m'avait paru d'une telle  ampleur et d'une telle 

généralité, qu'avec elle je pouvais espérer en 

quelque  sorte remplacer la thermodynamique 

par la géométrie, géométriser en un  certain sens 

la thermodynamique, éliminer des considérations  

thermodynamiques tous les aspects à caractère 

mesurable et stochastiques  pour ne conserver 

que la caractérisation géométrique 

correspondante des  attracteurs. »

René THOM
Jean-Marie SOURIAU

« Il n'y a rien de plus 

dans les théories 

physiques que les 

groupes de 

symétrie si ce n'est 

la construction 

mathématique qui 

permet précisément 

de montrer qu'il n'y 

a rien de plus » -

Jean-Marie SouriauRené THOM
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Projet de Panthéonisation de Sadi Carnot – Ingénieur-Savant inventeur 
de la thermodynamique et du 2nd principe de la thermodynamique

https://sadi-carnot-physicien.fr/



www.thalesgroup.com OPEN

From Empirical Science to 
Artificial Science Intelligence

E. CARTAN S. LIE
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Classical Computing

GPU & HPC-GPU
… DEADLOCK …NEW ADVANTAGES

Computing power has fostered AI emergence:
• Hundreds of GPUs for Deep Learning
• Tens of thousands of GPUs for LLMs
Growth is slowing down due to energy constraints 

Quantum computing allows to:
• Exponentially improve computing power
• Reduce energy consumption 

(Gflops/Watt)

Quantum Computing

QPU & HPC-QPU

(Green 500 n°1: 72 GFLOPS/WATT)

G
F
LO

P
S
/W

A
TT
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FROM EMPIRICAL SCIENCE TO ARTIFICIAL SCIENTIFIC INTELLIGENCE

NINA MIOLANE

Ecole Polytechnique, Imperial 

College, PhD INRIA, Post-Doc 

Stanford, UC Santa Barbara

L’Oréal-UNESCO Fellowship 

for Women In Science

Miolane N (2025) The fifth era of science: 
Artificial scientific intelligence. PLoS Biol 23(6): 
e3003230. 
https://doi.org/10.1371/journal.pbio.3003230

“The era of artificial scientific

intelligence is here. As algorithms

generate discoveries at scale,

what role remains for human

scientists Engineer?”

The fifth era of science: Artificial scientific intelligence

« ce qui distingue l’être humain, c’est qu’il est par essence « déprogrammé » et même non

programmable : il n’est donc prisonnier d’aucun code lui assignant une fonction donnée et

peut en permanence mobiliser en toute indépendance la totalité des capacités qui se

refusent à une quelconque externalisation, et qu’il peut de ce fait appliquer à sa guise à la

réalisation des fins qu’ils se donne à lui-même.. » - Michel SERRES (Académie Française)

Copernicus 
challenged the 
Earth-centered 
view of the 
universe by 
observing the 
skies

Newton’s 
equations of 
motion that 
shaped physics 
for centuries

Kohn &  Pople’s
quantum 
chemistry 
Nobel Prize

AlphaFold
solving 
protein 
structures

AI scientists drives discoveries, 
generate hypotheses, and test 
them on their own

https://www.academie-francaise.fr/actualites/communication-de-m-michel-serres-0

https://doi.org/10.1371/journal.pbio.3003230
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AI FOR SCIENCE & ENGINEERING  – THE DISRUPTION IN MATHS, 
PHYSICS, …, ENGINEERING

French Academy of Science:                    

AI for Sciences

https://www.academie-sciences.fr/lintelligence-

artificielle-pour-les-sciences

SCAI Sorbonne University:                  

AI4Science : Towards « Centaur Science »

 https://ai4science-su.sciencesconf.org/

https://www.academie-sciences.fr/lintelligence-artificielle-pour-les-sciences
https://ai4science-su.sciencesconf.org/
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NEURAL           
CONCEPT

Advanced Computational Large 
Eddy Simulation by using Physics-
Informed deep learning 
techniques, engineers can improve 
the accuracy and make them 
faster and more accessible. 

PHYSICAL AI & AI FOR SCIENCE

NVIDIA 
COSMOS & 

PhysicsNeMo

PROJECT 
PROMETHEUS

Jeff Bezos launches Project 
Prometheus, a physical AI 
venture with 6.2 billions $, 
physical AI is emerging now 
across factories and aerospace

USA DoE                 
GENESIS    
MISSION

A National Mission to Accelerate 
Science Through AI, to build the 
world's most powerful scientific 
platform to accelerate discovery 
science, strengthen national security, 
and drive energy innovation.

NVIDIA Cosmos™ Transfer & Predict 
enable physically based synthetic 
data generation in simulation for 
physical AI. PhysicsNeMo is an open-
source Python framework for building, 
training, and fine-tuning physics AI 
models at scale.

“students should prioritize physics and 

mathematics over coding.” - Elon 

Musk and NVIDIA CEO Jensen Huang 
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US DoE Genesis Mission
https://www.energy.gov/undersecretaryforscience/genesis-mission/genesis-mission

DoE has identified an initial 26 national science and 

technology challenges to accelerate U.S. innovation and 

leadership. Among them:

▌ Reenvisioning Advanced Manufacturing and Industrial 

Productivity 

▌ Recentering Microelectronics in America

▌ Securing U.S. Leadership in Data Centers Accelerating 

Materials Discovery, Production, and Qualification for 

Strategic Deterrence

▌ Achieving AI-Driven Autonomous Laboratories 

▌ Designing Materials with Predictable Functionality

▌ Enhancing Particle Accelerators for Discovery

▌ Discovering Quantum Algorithms with AI 

▌ Realizing Quantum Systems for Discovery 

https://www.energy.gov/undersecretaryforscience/genesis-mission/genesis-mission
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US DoE Genessis Mission: 293 M$ call including Physics-Informed AI (PINN)
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GDR CNRS IASIS: Physics-Aware Machine Learning

https://sites.google.com/view/paml-gt-iasis/accueil

GDR CNRS IASIS: Physics-Aware ML &Large Models

CEA-EDF-INRIA SUMMER SCHOOL PINN

https://ecoles-cea-edf-inria.fr/en/schools/ecole-analyse-numerique-2025/

CLUSTER IA ANITI: PhysimAI

https://aniti.univ-toulouse.fr/2025/05/19/lancement-
du-programme-integratif-aniti-physimai-lia-au-
service-de-la-simulation-physique/

https://sites.google.com/view/paml-gt-iasis/accueil/workshop-paml-lm-june-10

https://sites.google.com/view/paml-gt-iasis/accueil
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HYBRID AI: Model-Informed Neural Network(Geometry+Physics+Data)

Knowledge representation 
& reasoning

Black box optimization

Natural Language 
Processing

Fuzzy Logic

Evolutionary algorithm

Neural 
Networks

Bayesian Logic

Physics

Transfer Learning

Geometry

Reinforcement Learning

Human
MODEL-INFORMED

NEURAL NETWORK
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Physics-Informed Neural Networks (PINNs) 

𝑁𝑜 𝐷𝐴𝑇𝐴 𝑆𝑜𝑚𝑒 𝐷𝐴𝑇𝐴 𝐴 𝑙𝑜𝑡 𝑜𝑓 𝐷𝐴𝑇𝐴

𝑁𝑜 𝑇𝐻𝐸𝑂𝑅𝑌𝑆𝑜𝑚𝑒 𝑇𝐻𝐸𝑂𝑅𝑌𝐴 𝑙𝑜𝑡 𝑜𝑓 𝑇𝐻𝐸𝑂𝑅𝑌

𝑺𝒄𝒊𝒆𝒏𝒕𝒊𝒇𝒊𝒄
𝒄𝒐𝒎𝒑𝒖𝒕𝒊𝒏𝒈

𝑫𝑨𝑻𝑨 − 𝒅𝒓𝒊𝒗𝒆𝒏
𝒂𝒑𝒑𝒓𝒐𝒂𝒄𝒉

𝑷𝑰𝑵𝑵𝒔

LAB
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PINN: Physics-Informed Neural Network

▌Analytical Model Error due to unkown

phenomena is corrected by a hyhgly non-

linear model (neural network)
PINNs

•Difficult when the problem is partially observed

•Complex physics require intensive numerical 
methods

Physical 
model

(PDE)

•Lack of robustness

•Need for a lot of Data

Deep 
Learning
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PINN (Physics-Informed Neural Network)

▌PINN Use-case

PINN Use-Case: Hybrid Learning to learm Analytical Model Error

-We have an analytical but imperfect model (e.g. no modeling of non-linearities or 

couplings). The SURROGATE model will learn the model error to refine the model.

Real Data
INPUT

Learning of error
of analytical model

Surrogate Model
of error

Analytical Model

Real Data
OUTPUT

Error

Analytical Model

Calibration (data assimilation)

Unknown (apprentissage)
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Advanced Analytical Model-Informed Machine Learning

An accurate data-based prediction of the long-term evolution of 
Hamiltonian systems requires a network that preserves the 

appropriate structure under each time step. Every Hamiltonian 
system contains two essential ingredients: the Poisson bracket 

and the Hamiltonian. Hamiltonian systems with symmetries, 
whose paradigm examples are the Lie–Poisson systems, have 

been shown to describe a broad category of physical 
phenomena, from satellite motion to underwater vehicles, fluids, 

geophysical applications, complex fluids, and plasma physics. 
:Algorithms

Is it possible to teach complicated 

mathematical problems to an AI that has no 

mathematical knowledge? Using language 

models to give intuitions on solving open 

mathematical problems.

Symplectic-Informed Neural Network Language Model Informed

(AI Scientist Tools)

Lie-Poisson Neural Network

(LPNet: F. Gay-Balmaz)

Language Model-Informed to Solve Math

(LMI: Amaury Hayat)
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SINN & MINN: Symplectic-Informed NN & Metriplectic-Informed NN

▌Symplectic Integrator

Capture of symmetries (Geometry-Informed)

Capture Noether Invariants via Souriau’s Moment 
Map as Energy, Angular Momentum (Physics-Informed)

  ( ), ,= +
dF

F H F S
dt

 ,
dF

F H
dt

=

Metriplectic Integrator

 Capture 1st principle (Energy preservation, 

Moment map)

 Capture 2nd principle (Entropy Production)

(*) The time evolution of Hamilton's equations 

is a symplectomorphism, meaning that it conserves 
the symplectic 2-form                . A numerical 
scheme is a symplectic integrator if it also conserves 
this 2-form and equation are reduce to:

dp dq

  ,  
H H

p q
q p

 
= − =

 

( )  , , ( )z p q z z H z=  =

(*) 1st principle: Preservation of Energy

2nd Principle Entropy production 

non-dissipative dissipative

0
dH

dt
=

0
dS

dt


F H S= +
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Thermodynamics-Informed Neural Network

This same assumption,               , induces two additional consequences:

and  

which constitute the ingredients of the celebrated General Equation for the non-

Equilibrium Reversible-Irreversible Coupling, GENERIC equations. This type of 
formulations are also known as metriplectic formulations, since they combine 

metric and symplectic terms. However, in GENERIC equations, known as 

degeneracy conditions, play a fundamental role. They are key ingredients in the 

demonstration of the a priori satisfaction of the two laws of thermodynamics: 

- Conservation of energy in closed systems Given the anti-symmetry of L: 

- Non-negative entropy production, given the positive semi-definiteness of M:

( ) ( )
 

= +
 

dz E S
L z M z

dt z z

0Bk →

( ) 0
S

L z
z


=


( ) 0


=



E
M z

z

( ) 0
 

= =
 

dE E z
z

dt z t

( ) ( ) 0
dS S z S S

z M z
dt z t z z

   
= = 

   

  ( ), ,= +
dz

z E z S
dt

Metriplectic Flow
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Thermodynamics-Informed Neural Network

Therefore, the GENERIC structure consistently guarantees the satisfaction of the 

laws of thermodynamics by construction. This makes GENERIC a very appealing 

choice for the construction of inductive biases in the learning of physical 

phenomena.

For Thermodynamics of learning physical phenomena, we assume that         data 

sets  contain labelled pairs of a single-step state vector      and its time evolution

so that a neural network can be constructed by means of two loss terms, a data 

loss term that takes into account the correct prediction of the state vector time 

evolution using the GENERIC integrator, defined as:

iD

tz 1tz +

  ( ) 11 0
, ,sim

TN

i i t ti t
D D D z z += =

= =

2

2

GT net
data

n

dz dz

dt dt
 = −
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Thermodynamics-Informed Neural Network

where       denotes the L2-norm. The choice of the time derivative instead of the 

state vector itself is to regularize the global loss function to a uniform order of 

magnitude with respect to the degeneracy terms. A second loss term takes into 

account the fulfillment of the degeneracy equations,

This formulation gave rise to the so-called structure-preserving neural networks 

and thermodynamics-informed neural networks. These networks have been 

employed recently in the development of physics perception with the help of 

computer vision techniques.

The global loss term is a weighted mean of the two terms over the shuffled 

Nbatch batched snapshots.

2
.

2 2

deg

2 2

 
 = +

 
n

n n

S E
L M

z z

( )deg

0

1 batchN
data

n n

nbatchN


=

 =  + 
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From Transverse Symplectic
Foliation to Dissipative PINN

E. CARTAN S. LIE
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Jean-Marie Souriau (1922-2012): New way of thinking Physics

« Il n'y a rien de plus dans les théories physiques que les 

groupes de symétrie si ce n'est la construction mathématique 
qui permet précisément de montrer qu'il n'y a rien de plus » -

Jean-Marie Souriau

« Il est évident que l’on ne peut définir de valeurs 

moyennes que sur des objets appartenant à un 

espace vectoriel (ou affine); donc - si bourbakiste
que puisse sembler cette affirmation - que l’on 
n’observera et ne mesurera de valeurs moyennes 
que sur des grandeurs appartenant à un ensemble 
possédant physiquement une structure affine. Il est 
clair que cette structure est nécessairement unique 
- sinon les valeurs moyennes ne seraient pas bien 
définies. » -

Jean-Marie Souriau
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Jean-Marie
Souriau
(ENS’42)  ( ), , , 0 with 

 : Planck Temperature ;  : Heat

S
Q Z Z

Q

Q

  




+  = =



Claude 
Shannon
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Mécanique Statistique, Groupes de Lie et Cosmologie: 

Formulation Symplectique de la mécanique statistique
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Séminaire Sud-Rhodanien
Le Séminaire "Sud-Rhodanien de Géométrie": esprits raffinés et

ingénieurs savants, qui sur les fondations de leurs ainés, Elie Cartan,

André Lichnerowicz et Charles Ehresmann, ont élaboré l'architecture

des structures de la géométrie symplectique, des feuilletages et de la

quantification géométrique pour la mécanique hamiltonienne et la

mécanique quantique. Créé au début des années 1980 par les

universités d’Avignon, Aix-Marseille, Lyon et Montpellier, ce séminaire

contribua de manière importante au développement des recherches

faites en France sur la géométrie symplectique et la géométrie de

Poisson.

Livres du séminaire Sud-Rhodanien de Géométrie
Volume 1. Géométrie symplectique et de contact

Volume 2. Feuilletages et quantification géométrique

Volume 3. Autour du théorème de Poincaré-Birkhoff

Volume 4. Géométrie symplectique et mécanique

Volume 5. Singularités, feuilletages et mécanique hamiltonienne

Volume 6. Aspects dynamiques et topologiques des groupes infinis de 

transformation de la mécanique

Volume 7. Feuilletages riemanniens, quantification géométrique et 

mécanique

Volume 8. Actions hamiltoniennes de groupe. Troisième théorème de Lie

Volume 9. Symplectic Geometry, Groupoids, and Integrable Systems - à 

Berkeley

JEAN-MARIE 

SOURIAU

PIERRE

DAZORD

PIERRE

MOLINO

CHARLES-MICHEL 

MARLE

PAULETTE 

LIBERMANN
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Femal Touch of Symplectic Geometry

▌5 Masterminds in Symplectic Geometry

Paulette LIBERMANN

Michèle VERGNE

Michèle AUDIN

Yvette KOSMANN-SCHWARZBACH
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1963, Birth of « Foliated structures »
C. EHRESMANN, Structures feuilletées, 

Proceedings of the Fifth Canadian 

Mathematical Congress, 109-172., 1963

Structures feuilletées - Grenoble, 25-30 juillet 1963 - Georges Reeb

Auteur(s) : Georges Reeb - Charles Ehresmann - René Thom - Paulette Libermann

Editeur : Centre National De La Recherche ScientifiqueCollection : Colloques Int. Du Cnrs, 1964
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Transverse Structure of Foliations

http://www.numdam.org/item/AST_1984__116_/

http://www.numdam.org/item/AST_1984__116_/
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European Actions: COST CaLISTA, MSCA CaLIGOLA, MaGyQ
Cartan geometry, Lie and representation theory, Integrable Systems, quantum Groups and quantum 
computing towards the understanding of the geometry of deep Learning and its Applications

https://site.unibo.it/calista/en

https://site.unibo.it/caligola/en

https://sites.google.com/
view/magyqproject

https://site.unibo.it/calista/en
https://site.unibo.it/caligola/en
https://sites.google.com/view/magyqproject
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AI/Machine Learning Evolution: ALGEBRA COMPUTATION STRUCTURES

BOOLE ALGEBRA

LINEAR ALGEBRA

LIE ALGEBRA

Boolean logic digital circuits 
using electromechanical relays 

as the switching element.
George R. Stibitz (Bell Labs)

GOOGLE TPU (Tensor Processing Unit)

Vectors space, commutative 
matrix operations, eigen-analysis

Symplectic integrators, non-commutative 
operations, coadjoint orbits, moment map

Calcul formel pour les méthodes de Lie en 
mécanique hamiltonienne
P.V. Koseleff, X/CMLS PhD, 1993 (P. Cartier)

Computer Algebra 

Group- Scratchpad, 

IBM,1971

Souriau Exponential Map Algorithm for 
Machine Learning on Matrix Lie Groups
Frédéric Barbaresco, Springer GSI’19, 2019

Supervarieties, Sow. Math. Dokl. 16 (1975), 1218-1222. 
F. A. Berzin and D. A. Leites

LIE SUPER ALGEBRA

Berezian Determinant
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GEOMSTATS: PYTHON Library for Lie Group Machine Learning

https://github.com/geomstats/geomstats

https://hal.inria.fr/hal-02536154

Video: https://m.youtube.com/watch?v=Ju-Wsd84uG0
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Aristote & Pierre Duhem: 
Mouvement = changement de 
lieu (mécanique) et changement
d’état (la thermodynamique)

P. DUHEM ARISTOTLE

Les quatre catégories du

mouvement dans LA PHYSIQUE

d’ARISTOTE: Les livres V et VI

traitent des modalités du

mouvement. Il en existe quatre

catégories : un mouvement de

quantité, de qualité, de lieu et

de substance. Le mouvement

de substance est une

génération ou corruption.
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Aristotle’s PHYSICS: Movment as
change of place & change of quality

Bibliothèque François-Mitterrand – Exposition Vladimir Jankelevitch - 2019 
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La philosophie naturelle d'Aristote et l'épistémologie de Pascal

“Nous avons fait de la Dynamique un cas particulier de la Thermodynamique, une

Science qui embrasse dans des principes communs tous les changements d’état
des corps, aussi bien les changements de lieu que les changements de qualités
physiques” - Pierre Duhem, Sur les équations générales de la Thermodynamique,
1891

“Nous prenons le mot mouvement pour désigner non seulement un changement
de position dans l’espace, mais encore un changement d’état quelconque, lors
même qu’il ne serait accompagné d’aucun déplacement . . . De la sorte, le mot
mouvement s’oppose non pas au mot repos, mais au mot équilibre.” - Pierre
Duhem, Commentaire aux principes de la Thermodynamique, 1894

“This theoretical design led Duhem to rediscover and reinterpret the tradition of

Aristotle’s natural philosophy and Pascal’s epistemology . . . This outcome was
surprising and clearly echoed the Aristotelian language and concept of motion as
change and transformation: within the framework of Aristotelian natural
philosophy, motion in the modern physical sense was actually a special case of
the general concept of motion… Pascal had criticised Descartes’s mechanism
and had stressed the need for a theoretical practice, a synthetic and intuitive one,
besides the geometric formalisation” – S. Bordoni, From thermodynamics to
philosophical tradition: Pierre Duhem’s research between 1891 and 1896. Lettera
Matematica 2017, 5, 261–266.
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Mouvement et philosophie naturelle d’Aristote

▌Duhem, P. (1894), Commentaire aux principes de la 

Thermodynamique – Troisième partie, Journal de Mathématiques 

pures et appliquées, 4e série, tome 10, 207-285.

“Il nous semble qu’une conclusion générale se dégage de cette étude:

si la science des mouvements cesse d’être, dans l’ordre logique, la

première des Sciences physiques, pour devenir seulement un cas

particulier d’une science plus générale embrassant dans ses formules

toutes les modifications des corps, la tentation sera moindre, pensons-

nous, de ramener l’étude de tous les phénomènes physiques à l’étude

du mouvement; on comprendra mieux que le changement de lieu dans

l’espace n’est pas une modification plus simple que le changement de
température ou de quelque autre qualité physique; on fuira dès lors plus

volontiers ce qui a été jusqu’ici le plus dangereux écueil de la Physique

théorique, la recherche d’une explication mécanique de l’Univers.”
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Pierre Duhem: La théorie Physique: son objet, sa structure

▌ Pierre Duhem

« Il est une Cosmologie avec laquelle la Thermodynamique générale 
présente une analogie non-méconnaissable; cette Cosmologie, 
c’est la Physique péripatéticienne … Parmi les attributs de la 
substance, la Physique péripatéticienne confère une égale 

importance à la catégorie de la quantité et à la catégorie de la 
qualité; or, par ses symboles numériques, la Thermodynamique 
générale représente également les diverses grandeurs des quantités 
et les diverses intensités des qualités. Le mouvement local n’est, pour 
Aristote, qu’une des formes du mouvement général, tandis que les 
Cosmologies cartésienne, atomistique et newtonienne concordent 
en ceci que le seul mouvement possible est le changement de lieu 
dans l’espace. Et voici que la Thermodynamique générale traite, en 
ses formules, d’une foule de modifications telles que les variations de 

températures, les changements d’état électrique ou d’aimantation, 

sans chercher le moins du monde à réduire ces variations au 
mouvement local »
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Talk outline

1. Elementary Symplectic Structures of Thermodynamics

2. Constantin Carathéodory: From the Pfaffian forms to 
Thermodynamics Axiomatization, & Adiabatic Foliation by Frankel

3. Information Geometry & Natural Gradient for Learning

4. Jean-Marie Souriau: Symplectic Foliation via Moment Map and 
Koszul-Fisher Metric from Information Geometry
for Lie Groups Thermodynamics

5. ENTROPY as Casimir Function in Coadjoint Representation Constant 
on Symplectic Leaves & Density of Maximum Entropy on Lie Groups

6. Lars Onsager & Baptiste Coquinot: Symplectic Foliation Model of 
METRIPLECTIC FLOW

7. Transverse Symplectic Foliation Structure

8. Transitive PINN for Drone Flight Mechanics with Friction & Drag 
Forces

9. Conclusion

« There is nothing more in 

physical theories than 

symmetry groups except 

the mathematical 

construction which allows 

precisely to show that 
there is nothing more » -

Jean-Marie Souriau



www.thalesgroup.com OPEN

Elementary Symplectic
Structures of Thermodynamics

E. CARTAN S. LIE
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Representation Theory & (Co-adjoint) Orbits Method: A. Kirillov
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A.A. Kirillov by Jacques Dixmier

Jean-Marie SOURIAU
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La méthodes des orbites: outil essentiel de l’analyse harmonique non-
commutative (Alain Guichardet, leçons de mathématiques d’aujourd’hui, Vol.4)
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Mathematical Foundations of AI

Foundation of

Mathematics

& AI

Sets

Theory

(Bourbaki)

Category & Functor

Theory

(A. Grothendieck)

Category Theory

& Information Geometry

(Nikolai N. Cencov)

Axiomatization

Method

(Bourbaki)

Lie Algebra Cohomology

& Information Geometry

(Jean-Louis Koszul)

Foliations & webs

Theory

(C. Ehresmann & G. Reeb)

Lie Groups Thermodynamics

& Information Geometry

(Jean-Marie Souriau)

Symplectic

Geometry

(Jean-Marie Souriau)

Metriplectic Flow

& Information Geometry

(THALES)

Lie Groups Machine Learning
& Thermodynamics-Informed NN

CATEGORY THEORY

SYMPLECTIC & FOLIATION

STRUCTURES



Th
is

 d
o

c
u

m
e

n
t 

m
a

y
 n

o
t 

b
e

 r
e

p
ro

d
u

c
e

d
, 

m
o

d
if
ie

d
, 
a

d
a

p
te

d
, 

p
u

b
lis

h
e

d
, 
tr

a
n

sl
a

te
d

, 
in

 a
n

y
 w

a
y
, 

in
 w

h
o

le
 o

r 
in

 p
a

rt
 

o
r 

d
is

c
lo

se
d

 t
o

 a
 t

h
ir
d

 p
a

rt
y
 w

it
h

o
u

t 
th

e
 p

ri
o

r 
w

ri
tt

e
n

 c
o

n
se

n
t 

o
f 

TH
A

LE
S

-
©

 2
0
2
1
 T

H
A

LE
S
. 

A
ll 

ri
g

h
ts

 r
e

se
rv

e
d

.

42
OPEN

Séminaire ARISTOTE – EDF 21 Mai 2026

Calculus of Variations
Geometrization of Noether Theorem, 
Poincaré-Cartan Integral Invariant, 

Euler-Poincaré Equation

Souriau’s Lie Groups 
Thermodynamics

Covariant Gibbs Density, Planck 
Temperature in Lie Algebra, Heat in 
dual Lie Algebra, Entropy as Casimir 

function, Souriau-Fisher Metric

Metriplectic Flow
GENERIC Flow, Poisson Bracket, Metric 

Flow Bracket, 1st & 2nd Thermodynamics 
Principles, Onsager-Casimir Relations, 

Dissipation, Transverse Foliations of 
Entropy and Energy levels sets

Symplectic Geometry
& Poisson Geometry

Symplectic Manifold associated to Lie 
Group Co-adjoint Orbit by KKS 2 Form, 

Moment Map, Souriau’s Maxwell Principle

Integrable System 
complete integrability, Liouville

integrability, Action-Angles 
Coordinates, Symplectic Integrators

Foliation Theory
Coisotropic Polar, Bifibration, 
Bifoliation, Transverse Poisson 

Structure, Symplectic Foliation, 
Riemannian Foliation, webs

Information Geometry
Statistical Manifold, Koszul-Fisher Metric, 

Natural Gradient, Natural Langevin
Dynamics, Coordinate Free Neural 

Network, Hessian Structures, Flat 
connexion without torsion

Lie Groups & Lie Algebra 
Representation Theorry
Lie Algebra Cohomology, Co-

adjoint Orbits,  Cocycle, 
Quivers

AI Mathematical Foundations: Symplectic Foliations
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Metriplectic Flow on Symplectic Foliation & Transverse Metric Foliation

METRIC FOLIATION SYMPLECTIC FOLIATION 

METRIPLECTIC FLOW

⊥ ⊥ 

Foliation Leaves =
Level Sets of Energy

Foliation Leaves =
Level Sets of Entropy

  ( ), ,= +
dF

F H F S
dt

   

( ) ( )

, 0  :  Entropy Casimir Function for .,.

, 0  :  Energy Casimir Function for .,.  

= 

= 

F S F S

F H F H
 Metric Leaf

Level Set of Energy

⊥

 Symplectic Leaf

Level Set of Entropy



 ,=
dF

F H
dt

( ),=
dF

F S
dt

Non-dissipative

Entropy = Constant

Dissipative

Energy = Constant

2

2

GT net
data

n

dz dz

dt dt
 = −

2 2

deg

2 2

 
 = +

 
n

n n

S H
L M

z z
( )deg

0

1 batchN
data

n n

nbatchN


=

 =  + 

Thermodynamics-Informed Neural Networks

1st Principle of

Thermodynamics

Preservation of Energy

2nd Principle of

Thermodynamics

Entropy Production
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GEOMETRIC DEFINITION OF ENTROPY

ENTROPY DEFINITION: Entropy is Invariant

Casimir Function on Leaves of Symplectic

Foliation associated to Coadjoint Orbits

generated via Moment Map of Symmetry

Group acting on the System.

* 0S

Q

S
ad Q

Q




 
+  = 

 

  ( ), 0S H Q


=

, , , 0
S S

Ker Q Z Z
Q Q


    

   +  =  
    
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Sadi Carnot Cycle
on Souriau’s Symplectic Leaves

ENTROPY DEFINITION:
Entropy is Invariant Casimir
Function on Leaves of
Symplectic Foliation associated
to Coadjoint Orbits generated
via Moment Map of Symmetry
Group acting on the System.

  ( ), , , 0Q Z Z +  =
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METRIPLECTIC MODEL

▌The symmetric dissipative metriplectic bracket as Euclidean metric tensor on 

the symplectic leaves foliated by the Casimir invariants

Sato observed that the canonical form of the symmetric dissipative part of the metriplectic bracket is 
identified in terms of a ‘canonical metric tensor’ corresponding to an Euclidean metric tensor on the 
symplectic leaves foliated by the Casimir invariants.

It makes the link with Symplectic model of Lie groups Thermodynamics. A single generating Massieu 
function                                       is sufficient to generate the dynamics by the action of the metriplectic
bracket:

,Q S = −

     ( )   ( )1, , , , ,
dF

F F Q F S F F
dt

 −=  = + =  − 

  ( ), 0  and  , 0F S F Q

H W Q

= =

= +
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Thermodynamics Triptych : symplectic & transverse metric foliatons

Reeb’s
Foliation 
Theory: 

Symplectic
Foliation, 

Transverse 
Metric

Foliation

Souriau’s Lie 
Groups 

Thermodynamics
with Entropy as 

Casimir Function

Metriplectic
Flow & 

Onsager-
Casimir 

Relations

Symplectic

Foliation

Transverse

Riemanian

Foliation

Koszul

Information

GeometryBaptiste
COQUINOT

Jean-Louis KOSZUL Jean-Marie SOURIAU

Charles
EHRESMANN 

Georges Henri 
REEB

NON-DISSIPATIVE

DISSIPATIVE

FISHER METRIC

HESSIAN OF MASSIEU

KKS 2-FORM

DUAL FISHER METRIC

HESSIAN OF ENTROPY
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Moment Map Geometry & Libermann Foliation: Condevaux, Dazord, Molino

Séminaire Sud-Rhodanien
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André Lichnerowicz, Collège de France

▌Cours 1982-1983 – Étude systématique des rapports entre feuilletages et 

variétés de Poisson | Étude de cohomologies d'algèbres de Lie attachées à 

une variété de contact

https://www.college-de-france.fr/sites/default/files/media/document/2023-05/1982-

1983_lichnerowicz.pdf

A. LICHNEROWICZ

https://www.college-de-france.fr/sites/default/files/media/document/2023-05/1982-1983_lichnerowicz.pdf
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Transversally oriented foliation & the Godbillon–Vey characteristic class

▌GODBILLON–VEY CLASSES OF SYMPLECTIC FOLIATIONS by Kentaro Mikami

Each transversally oriented foliation has the Godbillon–Vey characteristic class, and 

regular Poisson structures define symplectic foliations. 

K. Mikami has given a new interpretation and the explicit formula for a representative 

of the Godbillon–Vey characteristic classes of symplectic foliations in the context of 

Poisson geometry.

For each transversely oriented foliation, we have the famous Godbillon-Vey 

characteristic class. When the symplectic foliations of regular Poisson structures are 

transversely oriented, they have the Godbillon-Vey characteristic classes. K. Mikami

has given a formula defining their Godbillon-Vey classes in terms of Poisson structure.

Transversely oriented foliations have secondary characteristic classes which are 

called the Godbillon-Vey class.

- Reference: J.-L. Koszul, Crochet de Schouten-Nijenhuis et cohomologie, in ‘Elie Cartan et 

les Mathématiques d’aujourd’hui’, 257-271; Société Math. de France, Astérisque, hors 

série, 1985.
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Axiomatization of Information Geometry via Category Theory
Nikolai Nikolaevich Chentsov in 60’s
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Category Theory & Information Geometry: Markov Category (GSI’23)

https://www.youtube.com/watch?v=Q97PrJ6ZpnI
https://www.youtube.com/watch?v=-z0583ynZoQ

https://www.youtube.com/watch?v=1EC23Q6wfpw

A TOPOS IS A 
PARTICULAR CASE 

OF CATEGORY
(the category of 

sheaves of sets on 
a topological 

space)

Information geometry is the study of

interactions between random variables

by means of metric, divergences, and

their geometry.

Categorical probability has a similar

aim, but uses algebraic structures,

primarily monoidal categories, for that

purpose.

As recent work shows, we can unify the

two approaches by means of enriched

category theory into a single formalism,

and recover important information-

theoretic quantities and results, such as

entropy and data processing

inequalities

https://www.youtube.com/watch?v=Q97PrJ6ZpnI
https://www.youtube.com/watch?v=-z0583ynZoQ
https://www.youtube.com/watch?v=1EC23Q6wfpw


www.thalesgroup.com OPEN

Seminal Idea of Gibbs and 
Carathéodory

E. CARTAN S. LIE
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Carathéodory’s axiomatization of Thermodynamics

▌ Constantin Carathéodory was born in Germany in 

Berlin in 1873 but was the son of a Turkish 

ambassador of Greek origin. From 1875 to 1895, 

Constantin Carathéodory lived in Bruxelles in 

Belgium, and studied at Belgian École Militaire. 

After a period in Greece, in London and Egypt, he 

returns to Berlin in 1900 to study mathematics. 

▌ In 1904 in Göttingen, he defended his PhD on 

special Euler–Lagrange equations, with H. 

Minkowski,. He was successively professor in 

Göttingen, Bonn and Hannover. From 1905 to 1910. 

From Brussels, Carathéodory wrote to Born in 1907 

about his definition of the concepts “amount of 

heat” and “reversibility” derived from the Carnot 

principle. He was back in Munich in 1924 to work 

on variational calculus applied to optics

[…] In any arbitrary neighborhood 
of an arbitrarily given initial point 
there is a state that cannot be 
arbitrarily approximated by 
adiabatic changes of state. 
(Carathéodory 1909)
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Carathéodory’s axiomatization of Thermodynamics

▌ By analyzing the Pfaffian form, Carathéodory showed 

that if no heat exchange occurs, a system's adiabatic 

paths can be described mathematically, and implies 

the existence of an integrating factor related to 

temperature, leading to the definition of entropy. The 

integrating factor transforms the Pfaffian form into an 

exact differential, dS, which defines the change in 

entropy. 

For the first law, under any adiabatic change of state, the 
external work A by the change in energy is equal to zero 
and if we denote the initial      and final       energy:

For the second law, under all adiabatic changes of state 
that start from any given initial state, certain final states are 

not attainable and “unattainable” final states can be found 
in any neighborhood of the initial state.

The main Axiom of Constantin 
Carathéodory of the 2nd law of 

Thermodynamics is written in 1909 
paper:

[…] In jeder beliebigen
Umgebung eins vorgeschriebenen
Anfangszustandes gibt es 
Suztände, die durh adiabatische
Zustandsänderungen nicht

beliebig approximiert warden
können [In the neighborhood of 
any equilibrium state of a system 
(of any number of thermodynamic
coordinates), there exists states 
that are inaccessible by reversible
adiabatic processes].
(Carathéodory 1909)

 

0A − + =
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Wolfgang Pauli Lectures on “Thermodynamics and the Kinetic Theory 
of Gases” – Rereading of Carathéodoty Axiomatization
Heat conduction and Internal Friction are two 

main causes of dissipation

[…] If the second law were untrue, that is, if 

heat conduction were reversible, then work 

could be obtained from heat without 

compensating changes. Since it is only 

possible to convert work into heat without 

compensating changes, is the preferred 

direction in which actual processes take 

place. We can now also determine which of 

two temperature t1 and t2 is the higher, 

namely, that one from which heat can flow to 

the other without compensating changes. 

(Pauli 1973) 

Wolfgang Pauli Lectures on Physics, Volume 3 
“Thermodynamics and the Kinetic Theory of 
Gases”, 2nd chapter dedicated to the 2nd Law: 
[…] The second law distinguishes heat from the 
other forms of energy. It indicates a direction in 

time and makes apparent that heat is a 
disordered form of energy. (Pauli 1973)
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Constantin Carathéodory axiomatization of thermodynamics 
interpreted by foliations by Theodore Frankel

[…] If, for example, the foliation defined by      

has leaves that wind densely (as in a torus) then 

there is no way that a global function     can 

exist, since such an      must be constant on each 

maximal leaf. It is easy to see, however, that 
Kelvin’s second law of thermodynamics rules out 

the possibility of not only dense adiabatic leaves, 

but even leaves that “double back”! For in the 

proof that “Kelvin implies Caratheodory,” we saw 

that two states related by heating at constant 

volume cannot be joined by a quasi-static 

adiabatic. This says that no             can meet a 

maximal adiabatic leaf twice. It might be 

thought that the space         and the adiabatic 

foliation must then be of a completely trivial 

nature. (Frankel 1972, p.33)

0Q =

S

S

1( )v −

1nM +
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Ryszard Mrugala : 
Information Geometry and Libermann Legendre submanifolds

We make reference to Ryszard Mrugala paper on “On contact and metric structures 

on thermodynamic spaces” (Mrugala 1978 & 2000), introducing geometrical 
structures of the state space of classical thermodynamics:

-contact structure for the first law of thermodynamics

-metrical Riemannian structure for the second law of thermodynamics. 

In this paper, R. Mrugala considered contact transformations and thermodynamic 

symmetries, more especially a group of diffeomorphisms (symmetries) which preserve 

its contact structure. He developed a 1-parameter group of continuous contact 

transformation, which preserves the contact distribution. He showed that contact 

vector field is a generator of a continuous contact transformation and that the fields 

of contact vectors form a Lie algebra. He observed that the contact Hamiltonian flow 

in the general case is tangent only to one level surface. He finally showed that using 

a generalized canonical Gibbs probability distribution function (Jaynes 1957) and 

relaxing some standard conditions, we can introduce a contact and a metric 

structure on the space of thermodynamic parameters. Finally, Riemannian metric is 

introduce on Legendre submanifolds, where the metric tensor is equivalent to Fisher’s 

information matrix from Information Geometry. 
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Geometric Theory of Heat: Josiah Willard Gibbs Diagrams sculpted
by James Clerk Maxwell (1874)
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Seminal Gibbs States from Moment Map of SE(3)

As observed by Charles-Michel Marle, Josiah Willard Gibbs in chapter IV of his book 
“Elementary Principles in Statistical Mechanics, developed with Especial Reference to the 
Rational Foundation of Thermodynamics” published in 1902, considered generalization of 

Gibbs states built with the moment map of the product of the one-dimensional group of 
translations in time and the three-dimensional group of rotations in space for the study of 
systems contained in a rotating vessel, referring to a paper by Maxwell published in 1878. We 
can read in the book of Gibbs:

[…] The consideration of the above case of statistical equilibrium may be made the foundation 
of the theory of the thermodynamic equilibrium of rotating bodies, a subject which has been 
treated by Maxwell in his memoir On Boltzmann's theorem on the average distribution of 
energy in a system of material points (Gibbs 1902)

Jacques Hadamard made a review of this book in 1906 (Hadamard 1906) and wrote:

[…] This book is not one of those that one analyzes hastily; but, on the other hand, the 
questions it deals with have been greatly agitated in recent times; the ideas defended by 
Gibbs have been the subject of much controversy; the reasoning with which he supported 
them has also been criticized. It seems interesting to me to study his work in the light of these 
controversies and by discussing these criticisms (Hadamard 1906)



Th
is

 d
o

c
u

m
e

n
t 

m
a

y
 n

o
t 

b
e

 r
e

p
ro

d
u

c
e

d
, 

m
o

d
if
ie

d
, 
a

d
a

p
te

d
, 

p
u

b
lis

h
e

d
, 
tr

a
n

sl
a

te
d

, 
in

 a
n

y
 w

a
y
, 

in
 w

h
o

le
 o

r 
in

 p
a

rt
 

o
r 

d
is

c
lo

se
d

 t
o

 a
 t

h
ir
d

 p
a

rt
y
 w

it
h

o
u

t 
th

e
 p

ri
o

r 
w

ri
tt

e
n

 c
o

n
se

n
t 

o
f 

TH
A

LE
S

-
©

 2
0
2
1
 T

H
A

LE
S
. 

A
ll 

ri
g

h
ts

 r
e

se
rv

e
d

.

61
OPEN

Séminaire ARISTOTE – EDF 21 Mai 2026

GIBBS, MASSIEU & THERMODYNAMICAL 
POTENTIALS

Handwritten letter from François Massieu (Corps des 
Mines) to Josiah Willard Gibbs, dated Rennes, October 9, 
1878 (Gibbs Archive of Yale University):

"You have been kind enough to send me four brochures 
that you have published on thermodynamics; I would like 
to thank you as well as for the honor you have done me 
by citing my work on the characteristic functions of fluids. I 
fear that you have had only an incomplete idea of this 
work for the reports of the Institut de France to which you 
refer and I am sending you a copy of what I have written 
on this subject. I would be honored if you would be kind 
enough to bring some interest to it. I am writing to you in 
French for the reason that if I read English quite easily, I 
would write it very badly. I would be very happy, Sir, if our 
relations could continue and if I publish, as is likely, some 
new work on thermodynamics, I will hasten to send you a 
copy. Please accept, Sir, the assurance of my most 
distinguished sentiments.

MASSIEU, Chief Engineer of Mines

Professor at the Faculty of Sciences of Rennes

to Professor Willard Gibbs, at Yale College, New Haven, 
Connecticut, United States of America"
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Thermodynamics as a Science of Symmetry by Herbert B. Callen

[…] every continuous symmetry of a system implies a conservation theorem, and vice versa … The 
most primitive class of symmetries is the class of continuous spacetime transformations. The 
(presumed) invariance of physical laws under time translation implies the conservation of energy. 
Symmetry under spatial translation implies conservation of momentum, and rotational symmetry 
implies conservation of angular momentum.(Callen, p.425)

[…] The most immediately evident conserved coordinate is, of course, the energy (time-translation 
symmetry). Its relevance as a thermodynamic coordinate under-lies the "first law" of thermodynamics. 
Time-translation, spatial translation, and spatial rotation symmetries are interrelated in a single class of 
continuous space-time symmetries. The symmetry interpretation of thermodynamics immediately 
suggests, then, that energy, linear momentum, and angular momentum should play fully analogous 

roles in thermodynamics. The equivalence of these roles is rarely evident in conventional treatments, 
which appear to grant the energy a mis-leadingly unique status. The momentum and the angular 
momentum are generally suppressed by restricting the theory to systems at rest, constrained by 
external "clamps." Nevertheless, it is evident that in principle the linear momentum does appear in the 
formalism in a form fully equivalent to the energy, for relativistic considerations imply that the energy in 
one frame appears partially as linear momentum in another frame. Similarly, the angular momentum is 

only occasionally introduced explicitly into thermodynamic formalisms (as in astrophysical 
applications to rotating galaxies); it appears, for instance, in the "Boltzmann factor,"                                , 
additively and symmetrically with the energy. To stress these facts we might well amend the first law to 
read that "the extended first law of thermodynamics is the symmetry of the laws of physics under 
space and time translations and under spatial rotation.".(Callen 1974 p.427)

- Callen HB (1973) A Symmetry Interpretation of Thermodynamics. In: Domingos JDD (eds.). Foundations of 

Continuum Thermodynamics, Instituto de Alta Cultura-Núcleo de Estudos de Engenharia Mecanica, pp. 61–79.

- Callen, HB (1974) Thermodynamics as a Science of Symmetry, Foundations of Physics 4(4):423–443.

- Callen HB (1985) Thermodynamics and An Introduction to Thermostatistics, 2nd  edition,  Wiley, New York.

( )exp .E L − − 
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Maurice Fréchet 1943 Seminal Paper (Clairaut Equation)

Fréchet, M. Sur l’extension de certaines évaluations statistiques au cas de 

petits échantillons. Revue de l’Institut International de Statistique 1943, 11, 

182–205. 
Métrique de Fisher 

Legendre-Clairaut
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Fisher Metric and Fréchet-Darmois (Cramer-Rao) Bound

▌ Cramer-Rao –Fréchet-Darmois Bound has been introduced by Fréchet in 

1939 and by Rao in 1945 as inverse of the Fisher Information Matrix:

▌ Rao has proposed to introduced an invariant metric in parameter space of 

density of probabilities (axiomatised by N. Chentsov):
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▌Fisher Matrix for Gaussian Densities:

Fisher matrix induced the following differential metric  :

Poincaré Model of upper half-plane and unit disk

( )( )
2

1

2

1
0

ˆ ˆ( )    avec   ( )   et  
2

0

T m
I E I


      





−

 
    = − −  =        
  

 .
2

i
m

z += ( )1   
+

−
= 

iz

iz

( )22

2

2

1
.8





−
=

d
ds

( ) ( )
22 2

22

2 2 2

2
. . 2.

2

T dm d dm
ds d I d d


   

  

  
= = + = +  

   

Distance Between Gaussian Density with Fisher Metric



67
OPEN

Séminaire ARISTOTE – EDF 21 Mai 2026
OPEN

1 monovariate gaussian = 1 point in Poincaré unit disk
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Information Geometry & Machine Learning

▌ Information Geometry & Natural Gradient

This simple gradient descent has a first drawback of using the same non-adaptive 

learning rate for all parameter components, and a second drawback of non 

invariance with respect to parameter re-encoding inducing different learning 

rates. S.I. Amari has introduced the natural gradient to preserve this invariance to 
be insensitive to the characteristic scale of each parameter direction. The 

gradient descent could be corrected by             where       is the Fisher information 

matrix with respect to parameter     , given by:
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Jean-Marie Souriau: 
Symplectic Foliation via Moment 
Map and Koszul-Fisher Metric 
from Information Geometry
for Lie Groups Thermodynamics

J.L. KOSZUL
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SOURIAU 2019

▌ SOURIAU 2019

Internet website : http://souriau2019.fr

In 1969, 50 years ago, Jean-Marie Souriau published the 
book "Structure des système dynamiques", in which using 
the ideas of J.L. Lagrange, he formalized the "Geometric 
Mechanics" in its modern form based on Symplectic 

Geometry

Chapter IV was dedicated to "Thermodynamics of Lie 
groups" (ref André Blanc-Lapierre)

Testimony of Jean-Pierre Bourguignon at Souriau'19 (IHES, 
director of the European ERC)

https://www.youtube.com/watch?v=93hFolIBo0Q&t=3s

https://www.youtube.com/watch?v=beM2pUK1H7o

http://souriau2019.fr/
https://www.youtube.com/watch?v=93hFolIBo0Q&t=3s
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Machine Learning on Lie Groups

▌Lie Groups Machine Learning based on Souriau Lie-Groups Thermodynamics

We will introduce "Lie Groups Machine Learning" [1] that extends statistics and 

machine learning on Lie Groups based on representation theory and Lie algebra 

cohomology. 

From Jean-Marie Souriau "Lie Groups Thermodynamics" [3] initiated in the framework 

of symplectic model of statistical mechanics, new geometric statistical tools have 

been developed to define:

-maximum Entropy densities of probability on Lie Groups for supervised methods

- Fisher metric extension from Information Geometry for unsupervised methods. 

« Il n'y a rien de plus dans les théories 

physiques que les groupes de 
symétrie si ce n'est la construction 
mathématique qui permet 
précisément de montrer qu'il n'y a 
rien de plus » - Jean-Marie Souriau

Souriau’s Moment Map = 

Geometrization of Noether Theorem
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Souriau Lie Groups Thermodynamics: General Equations

FOURIER 

Analytical Theory of Heat
CLAUSIUS

Mechanical Theory of Heat
POISSON

Mathematical Theory of Heat
SOURIAU

Geometric Theory of Heat

SYMPLECTIC THEORY OF HEAT
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http://www.jmsouriau.com/structure_des_systemes_dynamiques.htm

http://www.springer.com/us/book/9780817636951

▌ Introduction of symplectic

geometry in mechanics

▌ Invention of the “moment map”

▌ Geometrization of Noether's

theorem

▌ Barycentric decomposition 

theorem

▌ The total mass of an isolated 

dynamic system is the class of 

cohomology of the default of 

equivariance for the moment map

▌ Lie Groups Thermodynamics 

(Chapter IV)

J.M. Souriau Book « Structure des systèmes dynamiques », 1969

http://www.jmsouriau.com/structure_des_systemes_dynamiques.htm
http://www.springer.com/us/book/9780817636951
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J.M. Souriau, Structure des 

systèmes dynamiques, 

Chapitre IV « Mécanique 

Statistique »

Souriau SSD Chapter IV: Gibbs Equilibrium is not covariant with respect 
to Dynamic Groups of Physics

Trompette de Souriau

Lorsque le fait qu’on rencontre est en 
opposition avec une théorie régnante, il 
faut accepter le fait et abandonner la 
théorie, alors même que celle-ci, 
soutenue par de grands noms, est 
généralement adoptée
- Claude Bernard “Introduction à l’Étude 
de la Médecine Expérimentale”
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Symplectic Model of Souriau Lie Groups Thermodynamics

▌ Souriau Geometric (Planck) Temperature is an element of Lie Algebra of Dynamical

Group (Galileo/Poincaré groups) acting on the system. Heat is an element of the dual 

of Lie algebra.

▌ Generalized Entropy is Legendre Transform of minus logarithm of Laplace Transform 

and is  Casimir Function on Symplectic leaves (obtained by coadjoint orbit via 

moment map) 

▌ Fisher(-Souriau) Metric is a Geometric Calorific Capacity (hessian of Massieu Potential)

Souriau formalism is fully covariant, with 

no special coordinates (covariance of 

Gibbs density wrt Dynamical Groups)
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Jean-Marie Souriau Seminal Paper - 1974

Statistical Mechanics, Lie Group and Cosmology - 1st part: Symplectic Model of Statistical Mechanics
Jean-Marie Souriau
Abstract: The classical notion of Gibbs' canonical ensemble is extended to the case of a symplectic
manifold on which a Lie group has a symplectic action ("dynamic group"). The rigorous definition
given here makes it possible to extend a certain number of classical thermodynamic properties
(temperature is here an element of the Lie algebra of the group, heat an element of its dual), notably
inequalities of convexity. In the case of non-commutative groups, particular properties appear: the
symmetry is spontaneously broken, certain relations of cohomological type are verified in the Lie
algebra of the group. Various applications are considered (rotating bodies, covariant or relativistic
statistical Mechanics). [These results specify and complement a study published in an earlier work (*),
which will be designated by the initials SSD].
(*) Souriau, J.-M., Structure des systèmes dynamique. Dunod, collection Dunod Université, Paris 1969.
http://www.jmsouriau.com/structure_des_systemes_dynamiques.htm

Souriau, J-M., Mécanique statistique, groupes de Lie et cosmologie, Colloques Internationaux 
C.N.R.S., n°237 – Géométrie symplectique et physique mathématique, pp.59-113, 1974
English translation by F. Barbaresco: 
https://www.academia.edu/42630654/Statistical_Mechanics_Lie_Group_and_Cosmology_1_st_par
t_Symplectic_Model_of_Statistical_Mechanics

https://www.academia.edu/42630654/Statistical_Mechanics_Lie_Group_and_Cosmology_1_st_part_Symplectic_Model_of_Statistical_Mechanics


Th
is

 d
o

c
u

m
e

n
t 

m
a

y
 n

o
t 

b
e

 r
e

p
ro

d
u

c
e

d
, 

m
o

d
if
ie

d
, 
a

d
a

p
te

d
, 

p
u

b
lis

h
e

d
, 
tr

a
n

sl
a

te
d

, 
in

 a
n

y
 w

a
y
, 

in
 w

h
o

le
 o

r 
in

 p
a

rt
 

o
r 

d
is

c
lo

se
d

 t
o

 a
 t

h
ir
d

 p
a

rt
y
 w

it
h

o
u

t 
th

e
 p

ri
o

r 
w

ri
tt

e
n

 c
o

n
se

n
t 

o
f 

TH
A

LE
S

-
©

 2
0
2
1
 T

H
A

LE
S
. 

A
ll 

ri
g

h
ts

 r
e

se
rv

e
d

.

77
OPEN

Séminaire ARISTOTE – EDF 21 Mai 2026

Charles-Michel Marle (Corps des Mines, Sorbonne Université)

On Gibbs states of mechanical systems with symmetries
Charles-Michel Marle
https://arxiv.org/pdf/2012.00582.pdf
Gibbs states for the Hamiltonian action of a Lie group on 
a symplectic manifold were studied, and their possible 
applications in Physics and Cosmology were 
considered, by the French mathematician and physicist 
Jean-Marie Souriau. They are presented here with 
detailed proofs of all the stated results. Using an 
adaptation of the cross product for pseudo-Euclidean 
three-dimensional vector spaces, we present several 
examples of such Gibbs states, together with the 
associated thermodynamic functions, for various two-
dimensional symplectic manifolds, including the 
pseudo-spheres, the Poincaré disk and the Poincaré
half-plane. X 53

https://arxiv.org/abs/2012.00582

https://arxiv.org/pdf/2012.00582.pdf
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Symplectic Geometry & Foliations Theory Epic

F. Barbaresco, Esthétique structurelle des feuilletages symplectiques du mouvement, de la chaleur et de l’information : la quête romantique de Jean-Marie 

Souriau de Carthage à Massilia ou le triptyque de la Nature des choses (De Rerum Natura) « Esthétisme – Structure – Mouvement », ENS/IRCAM MAMUPHI seminar, 

to be published by Spartacus Editor for MAMUPHI anniversary https://spartacus-idh.com/

MAMUPHI video:  https://www.youtube.com/watch?v=dWyWXubGfXA

MAMUPHI Slides: http://www.entretemps.asso.fr/2022-2023/Barbaresco.pdf

https://www.academia.edu/112471996/Structural_aesthetics_of_the_symplectic_foliations_of_movement_heat_and_information_the_romantic_quest_of_Jean_Ma

rie_Souriau_from_Carthage_to_Massilia_or_the_triptych_of_the_Nature_of_things_De_Rerum_Natura_Aesthetics_Structure_Movement_ 

https://spartacus-idh.com/
https://www.youtube.com/watch?v=dWyWXubGfXA
http://www.entretemps.asso.fr/2022-2023/Barbaresco.pdf
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Strasbourg 1953
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Lagrange 2-form rediscovered by Jean-Marie Souriau

Rewriting equations of classical mechanics in phase space

Souriau rediscovered that Lagrange had considered the evolution space:

A dynamic system is represented by a foliation. This foliation is determined by an 
antisymmetric covariant 2nd order tensor      , called the Lagrange (-Souriau) form, a 

bilinear operator on the tangent vectors of V.

In the Lagrange-Souriau model,      is a 2-form on the evolution space V, and the 

differential equation of motion implies:
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Souriau Work Roots: François Gallissot Theorem

Gallissot Theorem: There are 3 types of differential forms generating the equations of 

a material point motion, invariant by the action of the Galileo group

constrained the Pfaff form              to be closed and to be reduced to the 

differential of      :

It proves that       has an exterior differential         generating Poincaré-Cartan Integral 

invariant:
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Interior/Exterior Products and Lie derivative

is the (p-1)-form on       obtained by inserting             as the first argument of      :

Interior product :

is the (p + 1)-form on        where       is a p-form and      is a 1-form on     :

Exterior product :                                                                                                                            

(where the hat indicates a term to be omitted).

is a p-form on      ,and                    if the flow of      consists of symmetries of    :

Lie derivative  :

Vi  X ( )V x 

( ) ( )2 2, ( ), , ,V p pi v v V x v v =

  X  X

( ) ( ) ( )0 0

0

ˆ, , 1 ( ) , , , ,
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i

p i i p

i

v v v v v v   
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Exterior derivative and E.Cartan, H. Cartan & S. Lie formulas

is the (p+1)-form on       defined by taking the ordinary derivative of       and 

then antisymmetrizing:

Exterior derivative  :

The properties of the exterior and Lie Derivative are the following:

(E. Cartan)

(H.Cartan) 

(S. Lie) 

d X 

( ) ( )0 0
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ˆ, , 1 ( )( , , , , )
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d v v v v v v
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p d p d p d        = =  = =  −  = =  +  + 
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Souriau Moment Map (1/2)

Let                  be a connected symplectic manifold. 

A vector field       on       is called symplectic if its flow preserves the 2-form :  

If we use Elie Cartan's formula, we can deduce that :

but as                    then                     . We observe that the 1-form         is closed. 

When this 1-form is exact, there is a smooth function                   on        with:  

This vector field       is called Hamiltonian and could be define as s symplectic

gradient :

( ),X
 X

0 =L

0    = + =L di i d
0 =d 0 =di i

x H X

 = −i dH

 = SympH


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Souriau Moment Map (2/2)

We define the Poisson bracket of two functions       ,          by :

with                            and                                                    

Let a Lie group         that acts on      and that also preserve      . 

A moment map exists if these infinitesimal generators are actually hamiltonian, so 

that a map exists:                                

with                                     where 

 = −i dH0 =di

H 'H

  ( ) ( ), ' , ' ',   = =  Symp SympH H H H

 = −i dH ' '  = −i dH

G X 

*: →X g  = −
XZ Zi dH ( ),= ZH x Z
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SOURIAU’S MOMENT MAP = GEOMETRIZATION OF NOETHER THEOREM

https://link.springer.com/book/10.1007/978-3-0348-7221-8
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▌Lie Group Adjoint Representation

the adjoint representation of a Lie group          is a way of representing its elements as 

linear transformations of the Lie algebra, considered as a vector space

▌Lie Group Co-Adjoint Representation

the coadjoint representation of a Lie group        , is the dual of the adjoint 

representation (   denotes the dual space to      ):

( ) ( )1

*
**

*  and   ( )g Xg
K Ad Ad K X ad−= = = −

1

* *, , ,  then , ,g g
g G Y F Ad F Y F Ad Y−    =g g

( )
1

:

                         ( )

g g e

g

Ad d

X Ad X gXg −

=  →

=

g g

Coadjoint operator and Coadjoint Orbits (Kirillov Representation)

( )

( ) 1

:

      g

G Aut G

g h ghg −

 →

 =

gAd

*

gAd
*
g g

( )

 

:

        , ( ) ,

e e e

e X

ad T Ad T G End T G

X Y T G ad Y X Y

= →

 =
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Coadjoint operator and Coadjoint Orbits (Kirillov Representation)

▌Co-adjoint Orbits as Homogeneous Symplectic Manifold by KKS 2-form

A coadjoint orbit:

carry a natural homogeneous symplectic structure by a closed G-invariant 2-form: 

. 

The coadjoint action on        is a Hamiltonian G-action with moment map

▌ Souriau Foundamental Theorem « Every symplectic manifold is a coadjoint

orbit » is based on classification of symplectic homogeneous Lie group actions 

by Souriau, Kostant and Kirillov

 * * *,  subset of ,F gAd F g G F =  g g

( ) ( )  * *, , , , , ,X Y FK F K F B X Y F X Y X Y  = = g

F * → g

 * *, ,F gAd F g G F =  gg G

( )  
*

, , ,

,

F Fad X ad Y F X Y

X Y F

  =

 g, g

Lie Group Coadjoint Orbit
(action of Lie Group on dual Lie algebra)

Homogeneous Symplectic Manifold
(a smooth manifold with a closed 

differential 2-form , such that d=0, 
where the Lie Group acts transitively)

To make statistics on Lie Groups, migrate on the symplectic
manifold generated by coadjoint orbits to capture symmetries
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Bedrock of Information Geometry

Jean-Marie Souriau (ENS 1942) Jean-Louis Koszul (ENS 1940)
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Information Geometry & Machine Learning : Legendre structure

▌ Legendre Transform, Dual Potentials & Fisher Metric

S.I. Amari has proved that the Riemannian metric in an 

exponential family is the Fisher information matrix 
defined by:

and the dual potential, the Shannon entropy, is given 

by the Legendre transform:

2
,

  with  ( ) log
y

ij

i j Rij

g e d


 
 

−
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Fisher Metric and Koszul 2 form on sharp convex cones

▌ Koszul-Vinberg Characteristic Function, Koszul Forms

J.L. Koszul and E. Vinberg have introduced an affinely invariant Hessian metric on 

a sharp convex cone through its characteristic function

1st Koszul form  :

2nd Koszul form g :

Diffeomorphism:

Legendre transform: 

*

*

,

,
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( )   with  Koszul-Vinberg Characteristic function

y

y

e dy

e dy





   

 

−

 



−





 = − = − 

=





( ) log ( )d d    =  = −

log ( )D Ddg   = =

( )
* * *

2
1 1

, ,
2 2 2 2

2

1
log ( ) ( ) ( ) . ( ) ( ). ( )  0  with   ( )    and   ( ) ,

( )

x x

Dd x u F d G d F G d F e G e u
u

 

          


− −



   

  
 = −  = =     
  

*

*

,

,
log ( ) ( )   with ( )

e
d p d p

e d

 

   
       



−

 −





= = − = =


( ) , ( )  with  ( )  and  ( )S d dS          = −  =  =

Jean-Louis Koszul
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Fisher Metric and Souriau 2-form: Lie Groups Thermodyamics

▌ Statistical Mechanics, Dual Potentials & Fisher Metric

In geometric statistical mechanics, J.M. Souriau has developed a “Lie groups 

thermodynamics” of dynamical systems where the (maximum entropy) Gibbs 

density is covariant with respect to the action of the Lie group. In the Souriau 
model, previous structures of information geometry are preserved:

In the Souriau Lie groups thermodynamics model,      is a “geometric” (Planck) 
temperature, element of Lie algebra      of the group, and       is a “geometric” 

heat, element of dual Lie algebra      of the group. 

2
, ( )

2
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I e d
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Jean-Marie Souriau
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Fisher-Souriau Metric as a non-null Cohomology extension of KKS 2 
form (Kirillov-Kostant-Souriau 2 form)

▌ Souriau definition of Fisher Metric is related to the extension of KKS 2-form 

(Kostant-Kirillov-Souriau) in case of non-null Cohomogy:

( ) ( )  1 2 1 2 1 2with  , , , ,  Z Z Z Z Q Z Z =  +

( )    ( )  ( )1 2 1 2  with  , , , , ,I g g Z Z Z Z      = =  

   ,
( , ) ,   with  ( ) :   such that ( ) ( ), , X Y XX Y
X Y J J J J x M J x J x X X = − → = *

g g

( ) ( ), :                      with  ( ) ( )

               X,Y ( ),

eX Y X T X e

X Y

  →   =



g g

Souriau-Fisher Metric

Equivariant KKS 2 formNon-null cohomology: aditional term from Souriau Cocycle

( ) ( )*( ) ( )g gQ Ad Ad Q g = +Souriau Fundamental
Equation of Lie Group Thermodynamics

( )  , , ,  0Z Q Z  + =

 
~

 Ker
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Fundamental Souriau Theorem

G

e

*
g

)(g

g

)(gAd

)(MZ
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gAd

)(Q

Q

*Q ( ) ( )gQAdAdQQ gg  +== )()( **



( ))(gAdQ

Q : Heat, element of dual 
Lie Algebra

 : (Planck) température 
element of Lie algebra

Lie Group Lie Algebra

Dual Lie Algebra
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Souriau-Fisher Metric & Souriau Lie Groups Thermodynamics: 
Bedrock for Lie Group Machine Learning

Gibbs canonical
ensemble
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Gallileo Group & Algebra & V. Bargman Central extensions

▌ Symplectic cocycles of the Galilean group: V. Bargmann (Ann. Math. 59, 

1954, pp 1–46) has proven that the symplectic cohomology space of the 

Galilean group is one-dimensional.

▌ Gallileo Lie Group & Algebra

▌ Bargmann Central extension:
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Souriau Gibbs states for Hamiltonian actions of subgroups of the 
Galilean group

▌ Souriau Gibbs states for one-parameter subgroups of the Galilean group

Souriau Result: Action of the full Galilean group on the space of motions of an 
isolated mechanical system is not related to any Equilibrium Gibbs state (the 

open subset of the Lie algebra, associated to this Gibbs state, is empty)

The 1-parameter subgroup of the Galilean group generated by  element of Lie 
Algebra, is the set of matrices
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Souriau Thermodynamics of butter churn (device used to convert 
cream into butter) or “La Thermodynamique de la crémière”

▌ If we consider the case of the centrifuge

the behaviour of a gas made of point particles of various 

masses in a centrifuge rotating at a constant angular velocity 

(the heavier particles concentrate farther from the rotation 

axis than the lighter ones)
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“The angular momentum is imparted to the gas when 
the molecules collide with the rotating walls, which 

changes the Maxwell distribution at every point, shifting 
its origin. The walls play the role of an angular 
momentum reservoir. Their motion is characterized by a 
certain angular velocity, and the angular velocities   of 
the fluid and of the walls become equal at equilibrium, 
exactly like the equalization of the temperature 
through energy exchanges”. – Roger Balian
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Link with Classical Thermodynamics

▌ We have the reciprocal formula:

▌ For Classical Thermodynamics (Time translation only), we recover the 

definition of Boltzmann-Clausius Entropy:
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Souriau Model of Covariant Gibbs Density

▌ Covariant Souriau-Gibbs density

Souriau has then defined a Gibbs density that is covariant under the action of the 

group:

We can express the Gibbs density with respect to       by inverting the relation 

. Then                                                 with  
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Souriau Entropy Invariance

▌ Casimir Invariant Function in coadjoint representation

We observe that Souriau Entropy             defined on 

coadjoint orbit of the group has a property of invariance :

with respect to Souriau affine definition of coadjoint action:   

where           is called the Souriau cocyle. 

( )S Q

( ) ( )# ( )gS Ad Q S Q=

( )# *( ) ( )g gAd Q Ad Q g= +

( )g

Hendrik Casimir
(Thesis supervised by

Niels Bohr & Paul Ehrenfest)

H.B.G. Casimir, On the Rotation of a Rigid Body in 
Quantum Mechanics, Doctoral Thesis, Leiden, 1931.

( )( ) ( )( )gS Q Ad S Q =

( ) ( )*( ) ( )g gQ Ad Ad Q g = +
New Entropy Definition: 

Casimir Function in 
Coadjoint Representation
Invariant under the action 

of the Group
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Souriau Entropy and Casimir Invariant Function

▌ Demo

if we consider the heat expression                    , that we can write                               . 

For each         tangent to the orbit, and so generated by an element       of the Lie 

algebra, if we consider the relation                                                            , we 

differentiate it at              using the property that:

we obtain :  

From last Souriau equation, if we use the identities                ,                           and  
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Gromov question: Are there « entropies » associated to moment maps

▌ Bernoulli Lecture - What is Probability?

27 March 2018 - CIB - EPFL - Switzerland

Lecturer: Mikhail Gromov

https://bernoulli.epfl.ch/images/website/What_is_Probability_v2(2).mp4

http://forum.cs-dc.org/uploads/files/1525172771489-alternative-probabilities-2018.pdf

https://bernoulli.epfl.ch/images/website/What_is_Probability_v2(2).mp4
http://forum.cs-dc.org/uploads/files/1525172771489-alternative-probabilities-2018.pdf
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Entropy as Invariant Casimir Function in Coadjoint Representation
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Souriau Entropy and Casimir Invariant Function

▌ Demo
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Souriau Entropy and Casimir Invariant Function

▌ Link with Souriau development

Souriau property:   ( ), , , 0Ker Q Z Z     +  =
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Souriau relation on foliation

In his 1974 paper, Jean-Marie Souriau has written (without proof):

To prove this equation, we have to consider the parametrized curve  

The parameterized curve                  passes, for          , through the point     ,              

since               is the identical map of the Lie Algebra     . This curve is in the adjoint

orbit of     . So by taking its derivative with respect to    , then for          , we obtain a 

tangent vector in      at the adjoint orbit of this point. When      takes all possible 

values in    , the vectors thus obtained generate all the vector space tangent in   

to the orbit of this point:

  ( ), , , 0Q Z Z +  =

( )exp
  with  and   

tZ
t Ad Z t Rg

( )exp


tZ
Ad 0=t 

( )exp 0
Ad g

 t 0=t
 Z

g 

( )( ) ( )( )
 

exp exp

0 0

= , = , = , ,
 

 


= =

    
 
 
 

tZ tZ

Z

t t

d Ad d Add
Q ad Q Z

dt d dt
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Souriau relation on foliation

As we have seen before                                                        . If we set                      , 

we obtain:

By derivation with respect to     at           , we finally recover the equation given by 

Souriau :

( ) ( ) ( )1 ,   − =  −gAd g ( )exp=g tZ

( )( ) ( ) ( )( )exp
exp ,    =  − −

tZ
Ad tZ

t 0=t

( )( )
  ( )

exp

0

= , , ( ),   with , ( ),


   

=


= − −  = −

tZ

t

d Ad
Q Z d Z X Y d X Y

dt
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Fundamental Equation of Geometric Thermodynamic: Entropy 
Function is an Invariant Casimir Function in Coadjoint Representation

* 0S

Q

S
ad Q

Q




 
+  = 

 

  ( ), , , , 0
S H S H

S H Q Q
Q Q Q Q

      
= +  =  

      

*:

     ( )

S R

Q S Q

→g

( )( ) ( )( )gS Q Ad S Q =

( ) ( )*( ) ( )g gQ Ad Ad Q g = +

*( ) ( )
( ) , ( ) ,   , 

S Q
S Q Q Q

Q


  



 
= −  =  = 

 
g g

Entropy S Heat Q, (Planck) Temperature  and  Massieu Characteristic Function

Invariance of Entropy S
Under the action of the Group

New Definition of Entropy S
as Invariant Casimir Function in Coadjoint Representation

( )    ,
, ( ), , ( ),X YX Y

X Y X Y J J J d X Y =  = − = −

( )( ) ( )eX T X e =

Moment Map J
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Lie Groups Thermodynamic Equations and its extension (1/3)

( ) ( )*( ) ( )g gQ Ad Ad Q g = +

Q : Heat, element of dual Lie Algebra  : (Planck) température element of Lie algebra

: Souriau Cocyle( )g

2

2
( )I 



 
= −



*( ) ( )
( ) , ( )  with    and  

S Q
S Q Q Q

Q


  



 
= −  =  = 

 
g g

*:J M → g
, ( )

( ) log
J

M

e d
 

 
−

 = − 

: Massieu Characteristic Function : Souriau Moment MapJ

: EntropyS Legendre Transform 

: Fisher Information MetricI
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Lie Groups Thermodynamic Equations and its extension (2/3)

( )    ,
, ( ), , ( ),X YX Y

X Y X Y J J J d X Y =  = − = −

( )( ) ( )eX T X e =

( ) ( ) *( ) ( )g gg Q Ad Ad Q = −

* 0S

Q

S
ad Q

Q




 
+  = 

 

  ( ), , , , 0
S H S H

S H Q Q
Q Q Q Q

      
= +  =  

      

( ) ( )# ( )gS Ad Q S Q=

( )# *( ) ( )g gAd Q Ad Q g= +

  ( ), , , 0Q Z Z +  =

Entropy Invariance under the action  of the Group !

Souriau characteristic of the foliation

Entropy Solution of Casimir Equation

Souriau cocycle

Entropy & Poisson Bracket
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Lie Groups Thermodynamic Equations and its extension (3/3)

,
H

dS dt
Q

 
 

=   
 

, , , ,  
H H H

Q
Q Q Q

   
       

 =  +     
       

, 0
dS H S

dt Q Q


  
=   

  

( )* *

1

0
i

N
i

H H i

iQ Q

HH
dQ ad Q dt ad Q dW t

Q Q
 

= 

     
+ +  + +  =     

          


Entropy
Production

Metric Tensor related to Fisher  Metric

2nd principle is related
to positivity of Fisher 

tensor

Time Evolution of Heat
wrt to Hamiltonian H

*

H

Q

dQ H
ad Q

dt Q




 
= +  

 

Stochastic
Equation



Leonhard EULER Henri POINCARE

EULER-POINCARE EQUATION
… IN THERMODYNAMICS

*

H

Q

dQ H
ad Q

dt Q




 
= +  

  *

H

Q

d H
ad

dt Q 




   
= +  

   

( )

( )

*

*

: Geometric Heat

 : Geometric Planck Temperature

:   Massieu Potential

:   Entropy

Q

S Q









 →

→

g

g

g

g

* 0S

Q

S
ad Q

Q




 
+  = 

 

  ( ), 0S H Q


=

https://www.esi.ac.at/events/t2213/

François MASSIEU

Entropy = Casimir Function on 
Symplectic Foliation (generated by 
Coadjoint Orbits via moment map)

Henri Poincaré
C.R. Acad. Sci. Paris, Tome CXXXII 7, 369–371 (1901)

( ) , ( )

( ) ( )
 , 

S Q Q

S Q
Q

Q

 






= − 

 
= =

 

( ) ( )*( ) ( )g gQ Ad Ad Q g = +

https://www.esi.ac.at/events/t2213/
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Euler-Poincaré Equation in case of Non-Null Cohomology

« Ayant eu l’occasion de m’occuper du mouvement de rotation d’un corps solide 

creux, dont la cavité est remplie de liquide, j’ai été conduit à mettre les équations 

générales de la mécanique sous une forme que je crois nouvelle et qu’il peut 

être intéressant de faire connaître » - Henri Poincaré, CRAS, 18 Février 1901

« Elles sont surtout intéressantes dans le cas où U étant nul, T ne dépend que 

des  » - Henri Poincaré

*

H

Q

dQ H
ad Q

dt Q




 
= +  

 

Q



=



*

H

Q

d H
ad

dt Q 




   
= +  

   

* *
i

k

H ij j
H

Q kjj Q

H
ad C ad

Q 
  

 
 

       
+  = +            

de Saxcé, G. Euler-Poincaré equation for Lie groups with
non null symplectic cohomology. Application to the 
mechanics. In GSI 2019. LNCS; Nielsen, F., Barbaresco, 
F., Eds.; Springer: Berlin, Germany, 2019; Volume 11712
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Koszul Poisson Cohomology and Entropy Characterization

▌ Poisson Cohomology was introduced by A. Lichnerowicz and J.L. Koszul. 

▌ Koszul Cohomology and seminal work of Elie Cartan. Koszul made 

reference to seminal E. Cartan paper 

“Elie Cartan does not explicitly mention (g’) [the complex of alternate forms on 

a Lie algebra], because he treats groups as symmetrical spaces and is therefore 

interested in differential forms which are invariant to both by the translations to the 

left and the translations to the right, which corresponds to the elements of (g’) 

invariant by the prolongation of the coadjoint representation. Nevertheless, it can 

be said that by 1929 an essential piece of the cohomological theory of Lie 

algebras was in place.” – Jean-Louis Koszul
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Koszul Poisson Cohomology and Entropy Characterization

Y. Vorob’ev and M.V. Karasev have suggested cohomology classification in terms 

of  closed forms and de Rham Cohomology of coadjoint orbits      (called Euler 

orbits by authors), symplectic leaves of a Poisson manifold     . 

Let                and                 be the space of closed k-forms on      and their de 

Rham cohomology classes. 

Considering the base of the fibration of        by these orbits as             , they have 

introduced the smooth mapping

and                                         

The elements of              are closed forms on       , depending on coordinates on       

Then                                     is the set of Casimir functions on     , of functions which 

are constant on all Euler orbits.

Entropy is then characterized by zero-dimensional de Rham Cohomology.  

The center of Poisson algebra induced from the symplectic structure is the zero-

dimensional de Rham cohomology group, the Casimir functions.




( )kZ  ( )kH  

/ 

  ( )( )/k kZ C N Z =  →    ( )( )/k kH C N H =  → 

( )kZ   / 

  ( )0H Casim N = 
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Poincaré Unit Disk and SU(1,1) Lie Group

The group of complex unimodular pseudo-unitary matrices                  :

the Lie algebra                              is given by:

with the following bases                                  :

with the commutation relation: 

(1,1)SU

2 2

* *
(1,1) / 1,  ,

a b
G SU a b a b C

b a

  
= = − =   

  
( )1,1=g su

*
/ ,

ir
r R C

ir






 −  
=    

  
g

( )1 2 3, ,u u u g

1 2 3

0 0 1 01 1 1
 ,  , 

0 1 0 02 2 2

i i
u u u

i i

− −     
= = =     

     

     3 2 1 3 1 2 2 1 3, , , , ,u u u u u u u u u= = = −



119
OPEN

Séminaire ARISTOTE – EDF 21 Mai 2026
OPEN

Poincaré Unit Disk and SU(1,1) Lie Group

Dual base on dual Lie algebra is named  

The dual vector space                              can be identified with the subspace of      

of the form: 

Coadjoint action of                 on dual Lie algebra                is written  

( )* * * *

1 2 3, ,u u u g

* *(1,1)=g su

(2, )Csl

*
0 1 0 1 0

/ , ,
1 0 0 0 1

z x iy i
x y z x y z R

x iy z i

 +        
= = + +         

− + − − −        
g

g G * g .g 
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Coadjoint Orbit of SU(1,1) and Souriau Moment Map

is linked to the natural action of       on       (by fractional linear transforms) but 

also  the coadjoint action of       on                        .   

could be interpreted as the stereographic projection from the two-sphere   

onto                 :

( ) ( ) ( )
( )

2* *
* * * *

1 2 3 32 2 2

1
( ) ,

1 1 1

zz z z z
J z r u u u ru z D

z i z z

 
++ − = + +  

  − − −
 

J G D

( )*

3 /ru G K =G
1J −

2S C  

Charles-Michel Marle, Projection 
stéréographique et moments,   hal-
02157930, version 1, Juin 2019

The coadjoint action of 

is the upper 

sheet               of the

two-sheet hyperboloid

(1,1)G SU=
3 0x 

 * * * 2 2 2 2

1 1 2 2 3 3 1 2 3:x u x u x u x x x r = + + − − + =



121
OPEN

Séminaire ARISTOTE – EDF 21 Mai 2026
OPEN

Moment Map for SU(1,1)

▌ Invariant Moment Map

The associated moment map                             defined by                               , maps    

into a coadjoint orbit in              . 

Then, we can write the moment map as a matrix element of                :

*: (1,1)J D su→
*( ). ( , )i iJ z u J z z=

D *(1,1)su
*(1,1)su

( ) ( ) ( )* * * * * *

1 1 2 2 3 3

2 *

2 2

*

2

2 2

( ) , , ,

1
2

1 1
( )

1
2

1 1

= + +

 +
 − 

− − 
=  

+ 
− 

− − 

J z J z z u J z z u J z z u

z z

z z
J z r

zz

z z

g
*

0 1 0 1 0
/ , ,

1 0 0 0 1

z x iy i
x y z x y z R

x iy z i

 +        
= = + +         

− + − − −        
g

( ) ( ) ( )

2* *
* * *

1 2 32 2 2

1
( ) ,

1 1 1

 
++ − = + + 

  − − −
 

zz z z z
J z r u u u z D

z i z z
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Poisson Bracket for SU(1,1)

Since the unit disk is Kählerian, it is symplectic and so can be given a phase space 

structure and interpretation. This Poisson Bracket could be written in terms of the 

Poincare disk coordinates as:

It is possible to define new coordinates                that are canonical in the sense that:

with coordinates given by:

The Metriplectic equation is then given by:

 
( )

2
2

* *

1
,

2

z f g f g
f g

i z z z z

−     
= − 

    
( ),q p

 ,
f g f g

f g
q p p q

    
= − 

     22 1

q ip z

z

+
=

−

  ( )
( )

( )

2
2

* *

1
, , ,

2

zf f H f H
f H f H f H

t i z z z z

−     
= + = − + 

     
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Souriau Lie Groups Thermodynamics Model for SU(1,1) and Unit Disk

( ) ( ) ( )* * * * * *

1 1 2 2 3 3

2 *

2 2

*

2

2 2

( ) , , ,

1
2

1 1
( )

1
2

1 1

J z J z z u J z z u J z z u

z z

z z
J z

zz

z z



= + +

 +
 − 

− − 
=  

+ 
− 

− − 

g

2 2 2 2

1 2 3 1  ,  J J J J − − = 
* * * *

1 1 2 2 3 3 (1,1)J u J u J u su+ + 

* * *

1 2 3

1 0 0 0 1
,   , 

0 1 0 1 0

i
u u u

i

     
= = =     

− −     

Symplectic Leaves = 
Level sets of Entropy

Entropy = Invariant 
Casimir Function

Dissipative flow

(transverse to 

symplectic leaves)

Non Dissipative flow

(along the symplectic

leaves)

( )

*

2
2

2

1



=

−

dz dz
ir

z

 / 1D z z=  

Unit Disk as Symplectic Manifold

 
( )

2
2

* *

1
,

2

zf f H f H
f H

t i z z z z

−     
= = − 

     

( ),
f

f H
t


=


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Souriau Gibbs density for SU(1,1)

▌ Covariant Gibbs density

We can the write the covariant Gibbs density in the unit disk given by moment map 

of the Lie group                and geometric temperature in its Lie algebra               :             ( )1,1SU   

( )
( )

( )

( )

, *

2, 2
with ( ) 2

( ) 1








−

−


= =

−

J z

Gibbs J z

D

e dz dz
p z d z ir

e d z z

( )
( )( )

( )

( ) ( )

( ) ( )

( )

2 *

2 2

*2

2 2

1 2

1 1

,
12

1 12 ,

, ,
= =   

( ) ( )







 
 

+ +

 + −
 
 − −   

−     −+   
− 

− − −  − 
 

− −

 

z z

z z ir
r

irzz

z zr bb Tr bb I

Gibbs J z J z

D D

e e
p z

e d z e d z

( )( ) 2

1 0 11
( ) 2   with   and  

0 1 1

+ +    
= − = =   

− −−   
J z r Mbb Tr Mbb I M b

zz
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Souriau Gibbs density

▌ Covariant Gibbs Density

To write the Gibbs density with respect to its statistical moments, we have to 

express the density with respect to                      . 

Then, we have to invert the relation between     and     , to replace

by                                where                                             with  

deduce from Legendre tranform. The mean moment map is given by:

( )

( ) ( )

( ) ( )

( )

2 *

2 2

*2

2 2

1 2

1 1

,
12

1 1

,
=   

( )

z z

z z ir

irzz

z z

Gibbs J z

D

e
p z

e d z









 + −
 
 − −   

−     −+   
− 

− − 
 

−



 ( )Q E J z=

Q  *

ir

ir







 
=  

− 
( )1  Q − = g

( )
( ) *Q







= =  


g ( ) ( ),

log ( )
J z

D

e d z


 
−

 = − 

 
( ) ( )

( ) ( )

2 *

2 2

2

2 2

1 2

1 1
( )   where  

12

1 1

w w

w w
Q E J z E w D

ww

w w



  + −
  
  − −
  = = 
  +
  −
  − −

  



www.thalesgroup.com OPEN

Lars Onsager & Baptiste Coquinot: 
Symplectic Foliation Model of 
METRIPLECTIC FLOW

B. COQUINOTL. ONSAGER



127
OPEN

Séminaire ARISTOTE – EDF 21 Mai 2026

DISSIPATION CONCEPT INTRODUCTION BY LORD KELVIN

▌ The concept of dissipation was introduced in the field of thermodynamics by Lord Kelvin (William Thomson) in 

1852. Lord Kelvin deduced that irreversible dissipative processes will occur unless a process is governed by a 

"perfect thermodynamic engine". The processes that Lord Kelvin identified were friction, diffusion, conduction 

of heat and the absorption of light.

W. Thomson, On the universal tendency in nature to the dissipation of mechanical energy, Philosophical Magazine, 

Ser. 4, p. 304 (1852) Mechanical Dissipation

 Viscous Friction (Fluid Mechanics)

 Solid Friction (Dry or Coulomb Friction)

 Plastic Deformation

 Acoustic Damping (due to viscosity or thermal conduction)

Electromagnetic Dissipation

 Ohmic or Joule Heating

 Eddy Current Losses (Induced currents in conductive materials)

 Dielectric Losses (imperfect polarization)

 Radiation Damping (accelerating charges emit radiation)

Thermal Dissipation

 Heat Conduction

 Thermal Diffusion (Soret Effect)

Diffusion and Transport Processes

 Mass Diffusion (molecular motion)

 Viscous Diffusion

 Electrical Conduction

Relaxation Phenomena

 Magnetic relaxation (spin-lattice relaxation)
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METRIPLECTIC FRAMEWORK FOR DISSIPATIVE HEAT EQUATION

▌ METRIPLECTIC & GENERIC Models

Systems that preserve energy throughout the phase are characterized by an 

Hamiltonian formulation of dynamics. 

Classical Hamiltonian systems cannot take into account dissipative effects, as 

irreversible changes from a thermodynamic standpoint (dissipative dynamics that 

do not preserve energy). 

A. N. Kaufman and P.J. Morrison have introduced in 1983, the metriplectic
bracket by introducing a bracket formalism that ensures both conservation of 

energy and non-decrease of entropy, and that reduces to the standard Poisson 

bracket formalism in the limit of no dissipation. 

This model has been axiomatized in parallel by Grmela and his collaborators 

(GENERIC method: General Equation for Non-Equilibrium Reversible Irreversible 

Coupling). 
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METRIPLECTIC FRAMEWORK FOR DISSIPATIVE HEAT EQUATION

▌ Metriplectic Model

Dissipation could take two forms: 

- viscosity removes energy from the system (e.g. Navier-Stokes equation)

- thermal diffusion with conservation of energy and entropy production by heat 

transfer (e.g. Boltzmann operator, Transport equations with collision operators,…).

Metriplectic dynamics includes these kind of systems compliant both with the first 

and second thermodynamics principles. 

In the metriplectic formalism, evolution equation is given by a new bracket:   .,.

     ( ), , ,
df

f F f F f F
dt

= = +

Dissipative Bracket
(Metric Flow Bracket)

Non-Dissipative Bracket
(Poisson Bracket)
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METRIPLECTIC FRAMEWORK FOR DISSIPATIVE HEAT EQUATION

▌ Metriplectic Model

Hamiltonian components is introduced by requiring:

The 2nd bracket has 2 constraints :

with the entropy      selected from the set of Casimir invariants of the non-

canonical Poisson bracket, playing the role of a Lyapunov functional. 

A metriplectic vector field induced by       is given by the dynamics:

     ( ), , ,
df

f F f F f F
dt

= = +

F H S= +

( ) ( ) ( ), ,   and  , 0f F F f f f= 

S

i
ij ij

j j

dz F F
J M

dt z z

 
= +

 

F
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Metriplectic Model Compliance to Thermodynamics Principles

▌ Metriplectic Model compliance with two first principles of thermodynamics

First principle: Energy conservation

  ( )     ( ) ( )

 

 

( )

, , , , , , 0

, 0 by symmetry

because , 0,   

, 0,   

dH
H F H F H H H S H H H S

dt

H H

f S f

H f f

= + = + + + =

=


= 


= 

F H S= +
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Metriplectic Model Compliance to Thermodynamics Principles

▌ Metriplectic Model compliance with two first principles of thermodynamics

Second principle: Entropy production

The choice of thermal equilibrium is induced by selecting Entropy as Casimir 

invariant function.

  ( ) ( ) ( ) ( )

 

( )

( )

, , 0 , , , 0

, 0,     (Casimir property)

because , 0,   

positive semi-definite  , 0

dS
S F S F S H S S S S

dt

S f f

f H f

S S

= + = + + = 

= 


= 


 



133
OPEN

Séminaire ARISTOTE – EDF 21 Mai 2026

Metriplectic Model and Casimir invariants

▌ Metriplectic Model

Finally in metriplectic systems, the geometry is determined by two compatible 

brackets, a Poisson bracket and a symmetric bracket:

The energy       is a Casimir invariant of the dissipative bracket, and the entropy     

is a Casimir invariant of the Poisson bracket:

     ( ), , ,
df

f F f H f S
dt

= = +

H S

 

( )

, 0  

, 0  

S H H

H S S

= 

= 
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Metriplectic Flow on Symplectic Foliation & Transverse Metric Foliation

METRIC FOLIATION SYMPLECTIC FOLIATION 

METRIPLECTIC FLOW

⊥ ⊥ 

Foliation Leaves =
Level Sets of Energy

Foliation Leaves =
Level Sets of Entropy

  ( ), ,= +
dF

F H F S
dt

   

( ) ( )

, 0  :  Entropy Casimir Function for .,.

, 0  :  Energy Casimir Function for .,.  

= 

= 

F S F S

F H F H
 Metric Leaf

Level Set of Energy

⊥

 Symplectic Leaf

Level Set of Entropy



 ,=
dF

F H
dt

( ),=
dF

F S
dt

Non-dissipative

Entropy = Constant

Dissipative

Energy = Constant

2

2

GT net
data

n

dz dz

dt dt
 = −

2 2

deg

2 2

 
 = +

 
n

n n

S H
L M

z z
( )deg

0

1 batchN
data

n n

nbatchN


=

 =  + 

Thermodynamics-Informed Neural Networks

1st Principle of

Thermodynamics

Preservation of Energy

2nd Principle of

Thermodynamics

Entropy Production
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SINN & MINN: Symplectic-Informed NN & Metriplectic-Informed NN

▌Symplectic Integrator

Capture of symmetries (Geometry-Informed)

Capture Noether Invariants via Souriau’s

Moment Map as Energy, Angular

Momentum (Physics-Informed)

  ( ), ,= +
dF

F H F S
dt

 ,
dF

F H
dt

=

▌Metriplectic Integrator

Capture 1st principle (Energy

preservation, Moment map)

Capture 2nd principle (Entropy 

Production)

(*) The time evolution of Hamilton's equations 

is a symplectomorphism, meaning that it conserves 
the symplectic 2-form                . A numerical 
scheme is a symplectic integrator if it also conserves 
this 2-form and equation are reduce to:

dp dq

  ,  
H H

p q
q p

 
= − =

 

( )  , , ( )z p q z z H z=  =

(*) 1st principle: Preservation of Energy

2nd Principle Entropy production 

non-dissipative dissipative

0
dH

dt
=

0
dS

dt


F H S= +
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Symplectic potentials and Guillemin Metric

We consider Action-Angle coordinates:

We also consider Moment Map where are coordinates

on         given by                           where is a base of vectors field of 

group action:                           . We can select angular coordinates such that

Symplectic coordinates and complex structure: Consider a complexe structure

We can then deduce the metric:

We can make appear a symplectic potential:

 = i

idx d
*:  M → g ( )1, , nx x

*
g ,.i

ix X= ( )1 2, ,..., nX X X

i

i

Xdx i = − i

i

X



=

J

( )
1

   and     where  i ij j ij

j i ij ijJdx G d Jd G dx G G 
−

= = − =

( )   where   is symetric positive definitei j ij

ij i j ijg G dx dx G d d G = +

 of type (1,1)
ij k j

i k

G
dJd dx dx

x



= − 

 2

0 ,  convex, G
ij ik

i ij ijk j i j

G G u
dJd u u

x x x x


  
=  =  = =

   

( ) ( )
1

  where  i j ij ij

ij i j ijg u dx dx u d d u u 
−

= + =

i j

iju dx dx

ij

i ju d d ( ) ( )
1

ij

iju u
−

=
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Transversally oriented foliation & the Godbillon–Vey characteristic class

▌GODBILLON–VEY CLASSES OF SYMPLECTIC FOLIATIONS by Kentaro Mikami

Each transversally oriented foliation has the Godbillon–Vey characteristic class, and 

regular Poisson structures define symplectic foliations. 

K. Mikami has given a new interpretation and the explicit formula for a 

representative of the Godbillon–Vey characteristic classes of symplectic foliations in 

the context of Poisson geometry.

For each transversely oriented foliation, we have the famous Godbillon-Vey 

characteristic class. When the symplectic foliations of regular Poisson structures are 

transversely oriented, they have the Godbillon-Vey characteristic classes. K. Mikami

has given a formula defining their Godbillon-Vey classes in terms of Poisson structure.

Transversely oriented foliations have secondary characteristic classes which are 

called the Godbillon-Vey class.

- Reference: J.-L. Koszul, Crochet de Schouten-Nijenhuis et cohomologie, in ‘Elie Cartan et 

les Mathématiques d’aujourd’hui’, 257-271; Société Math. de France, Astérisque, hors 

série, 1985.
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METRIPLECTIC MODEL

▌ Metriplectic Model

In coordinate realization, with a coordinate chart         , the Poisson bivector is 

represented by a set of coefficient function determining the Poisson bracket:

For Lie-Poisson structure defined on the dual of a finite dimensional Lie algebra, 

we can introduce structure constants with an N dimensional Lie algebra    

admitting a basis                        :                                (with summation convention

over the repeated indices). 

The Lie-Poisson dynamics is given by:

( )iz

 , i
ij ij

i j j

dzf h h
f h J J

z z dt z

  
=  =

  

 1,..., Ne e , k

i j ij ke e c e  = 

jk k

ij ij k ij k

i

dz h
J c z c z

dt z


=  =


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METRIPLECTIC MODEL

▌ Dissipation bracket as double bracket

The double bracket is given by:

with the metriplectic dynamics :

( ), k r

ij lj ij lj k r

j ji l i l

f h f f
f h J J c c z z

z z z z

   
= =

   
 

j k k r

ij k ji li r n

ii l

dz h h
c z c c z z

dt z z

 
= +

 

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METRIPLECTIC MODEL

▌ The symmetric dissipative metriplectic bracket as Euclidean metric tensor 

on the symplectic leaves foliated by the Casimir invariants

Sato observed that the canonical form of the symmetric dissipative part of the metriplectic bracket 
is identified in terms of a ‘canonical metric tensor’ corresponding to an Euclidean metric tensor on 
the symplectic leaves foliated by the Casimir invariants.

It makes the link with Symplectic model of Lie groups Thermodynamics. A single generating Massieu 
function                                       is sufficient to generate the dynamics by the action of the 
metriplectic bracket:

,Q S = −

     ( )   ( )1, , , , ,
dF

F F Q F S F F
dt

 −=  = + =  − 

  ( ), 0  and  , 0F S F Q

H W Q

= =

= +
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Variational Principles of Thermodynamics

▌ Variational Principles

D’Alembert’s variational principles and Gauss' principle of the least constraint, which are 
differential principles

Maupertuis' principle of the least action and the Hamilton principle, which are integral 
principles

▌ Thermodynamics can be embraced with variational principles

ONSAGER’s principle of least dissipation of energy restricted to the particular case of heat 
conduction in anisotropic continua

ONSAGER & MACHLUP’s principle and TISZA & MANNING’s principle of least dissipation of 
energy extended for the case of adiabatically isolated, non-continuous systems. 

PRIGOGINE’s principle of minimum production of entropy with ONO clarification of the 
relation with least dissipation of energy.

GLANSDORFF and PRIGOGINE’s integrale principle when the conductivity coefficients are not 
constant



142
OPEN

Séminaire ARISTOTE – EDF 21 Mai 2026

COQUINOT NON-EQUILIBRIUM THERMODYNAMIC THEORY OF 
DISSIPATIVE BRACKETS

Coquinot deduced that the dynamics of out-of-equilibrium thermodynamics on 

the phase space can be expressed with a symmetric bracket for any two 
functionals and      :

Coquinot has observed that this equation is a pure geometric object, 

independent of the basis , where the functional derivatives can be seen as 
functional gradients, and both functional gradients are contracted thanks to the 

pseudometric and where the bracket is symmetric thanks to the Onsager-

Casimir relations.

As previously, has been demonstrated that:

( ) 31
,

( ) ( )a

f g
f g L d y

y y


 


   
=           



f g

 

L
  

( ) ( )3( , ) ( , ) ( )
, ,

( , ) ( , )

x t x t S t
L y t d y S

t y t y t


 

 


 


     
=   =             


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COQUINOT NON-EQUILIBRIUM THERMODYNAMIC THEORY OF 
DISSIPATIVE BRACKETS

Baptiste Coquinot proves a formal equivalence between the 

classical out-of-equilibrium thermodynamics and a subclass of 

metriplectic dynamical systems, showing that the pseudometric
nature of the dissipative bracket, usually an ad hoc hypothesis, is 

the exact transcription of the well-known second law of 

thermodynamics and Onsager’s relations through this equivalence. 

Coquinot’s construction shows that the dissipative brackets are 

completely natural for non-equilibrium thermodynamics, just as 

Poisson brackets are natural for Hamiltonian dynamics, deriving a 

general dissipative bracket, for the first time, from basic 

thermodynamic first principles. 

Baptiste Coquinot has considered the role of entropy, a Casimir 

invariant, as counterpart to the role of the Hamiltonian in analytical 
mechanics, the non-negativity of the pseudometric ensures the 

entropy growth, as given by the second law of thermodynamics. 

L. ONSAGER

B. COQUINOT

Baptiste Coquinot, Philip J. Morrison, A General Metriplectic Framework With Application To 
Dissipative Extended Magnetohydrodynamics, Journal of Plasma Physics (2020)
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Foliation

▌ Folation Theory Inventors: Ehresmann & Reeb

André Haefliger passed away 7th March 2023 : Haefliger, A.: Naissance des feuilletages 

d’Ehresmann-Reeb à Novikov. Journal 2(5), 99–110 (2016)

G. REEB, Sur certaines propriétés topologiques des variétés feuilletées (Thèse), Hermann 1952. 
supervised by Charles Ehresmann

” Sur une durée de quarante années l’immeuble s’est édifié; des centaines d’ouvriers ont œuvré. 
L’édifice n’est pas achevé, mais on peut visiter. Oui, visiter est le mot” - Georges REEB

Sergei Petrovich NovikovCharles Ehresmann Georges Henri Reeb André Haefliger 
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Structures feuilletées – Georges Henri REEB
Motivations for Folations Studies

G. Reeb, Structures feuilletées, Differential Topology, Foliations and Gelfand-Fuks cohomology, Rio 
de Janeiro, 1976, Springer Lecture Notes in Math. 652 (1978), 104-113.

”Sur une durée de quarante années l’immeuble s’est édifié; des centaines 

d’ouvriers ont œuvré. L’édifice n’est pas achevé, mais on peut visiter. Oui, 
visiter est le mot” - Georges REEB

Thermodynamiques et 

formes de Pfaff
Orbites coadjointes (action d’un groupe sur le 

dual de l’algèbre de Lie)
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Georges REEB contribution to Analytical Mechanics
(in « Œuvres complètes de Charles Ehresmann »)

▌ References:

G. REEB, Propriétés topologiques des trajectoires des 

systèmes dynamiques, Mém. Acad. Se. Bruxelles 27 (1952).

G. REEB, Varietés symplectiques, varietés presque-

complexes et systèmes dynamiques, Comptes Rendus de 

l’Académie de Sciences, 235, (1952) 776–778

G, REEB, Espaces de Finsler et espaces de Cartan, Coll. Int. 

CNRS Géom.  Diff. Strasbourg (1953), 35-40. 

G. REEB, Problèmes relatifs aux variétés presque 

symplectiques et systèmes  dynamiques, Convegno Int. 

Geom. Diff. Venise-Bologne-Pise (1953), 104-113
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Symplectic Leaves
& transverse Metric Leaves

In the context of GENERIC dynamics, the degeneracy condition (60) implies 
that symplectic leaves are at constant entropy (and the other distinguished 
functionals of the Poisson bracket) while the degeneracy condition (61) 
implies that metric leaves are at constant energy (and the other 
distinguished functionals of the dissipative bracket).

Each trajectory is effectively constrained on a single metric leaf.

The relationship between metric leaves, where GENERIC dynamics (of an 
overall closed and isolated thermodynamic system) takes place, and 
symplectic leaves, where purely Hamiltonian dynamics takes place. 

Metric leaves are surfaces with constant energy, while the symplectic leaves 
are surfaces with constant entropy (because Hamiltonian dynamics is 
reversible). 

The intersection of symplectic leaves on a metric leaf produces isentropic 
contours and the GENERIC non dissipative vector (for an overall closed and 
isolated thermodynamic system) is always contained in such an intersection.
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Transverse Foliation Structures

•Arutyunov, G., Elements of 
Classical and Quantum 
Integrable Systems, 
Springer, (2019)

•Fedida, E. : Sur la théorie 
des feuilletages associée 
au repère mobile : cas des 
feuilletages de Lie. Lecture 
Notes in Mathematics, vol 
652. Springer (1978)

•Sabourin, H. : Quelques 
aspects de la méthode des 
orbites en théorie de Lie, 
HDR spécialité 
Mathématique, Université 
de Poitiers, 15 Décembre 
2005

•Dazord, P., Molino, P. : -
Structures poissonniennes
et feuilletages de 
Libermann, Publications du 
Département de 
Mathématiques de Lyon, 
fascicule 1B, « Séminaire 
Sud-Rhodanien 1ère partie 
», chapitre II , p. 69-89 
(1988) Libermann 

Foliation 
and 

Haefliger

-Structure

Hervé 
Sabourin 

Transverse 
Poisson 

Structure

Polar 
Foliation, 
Bifoliation

and 
Bifibration

Foliation 
based on 

Elie Cartan 
Moving
Frame
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André Lichnerowicz, Collège de France

▌ Cours 1982-1983 – Étude systématique des rapports entre feuilletages et 

variétés de Poisson | Étude de cohomologies d'algèbres de Lie attachées 

à une variété de contact

https://www.college-de-france.fr/sites/default/files/media/document/2023-

05/1982-1983_lichnerowicz.pdf

https://www.college-de-france.fr/sites/default/files/media/document/2023-05/1982-1983_lichnerowicz.pdf
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3-web structure and Bi-Lagrangian Manifolds
This model of web theory was employed by Gérard Debreu to define the conditions under which a 

preference ordering may be represented by a numerical function. Debreu demonstrated that the condition 

of additive separability is equivalent to the existence of a trivial 3-web, which must satisfy the hexagon 

condition or, equivalently, a third-order partial differential equation proposed by Paul Samuelson, also 

known as the Saint-Robert equation. 

This two-form was first identified by Vilfredo Pareto. Paul Samuelson (Economics Nobel Prize 1970), referred 

to Willard Gibbs’s thermodynamic mathematical isomorphisms, studied under his mentor Edwin Wilson and 

the Harvard Pareto circle. Edwin Wilson had himself previously studied under Willard Gibbs at Yale. 

Samuelson also introduced a 2-web structure, providing an analytic criterion for determining whether a 

given 2-web satisfies what is now known as Samuelson’s area condition, a condition historically applied by 

J. C. Maxwell in thermodynamics.  Tabachnikov later proved that one may associate the Hess connection, 

a symplectic, torsion-free connection, with the web, and that Samuelson’s condition implies the flatness of 

this connection. 

Regarding additive separability and integrability, Thomas Russell observed that the problem of additive 

separability was addressed by Gérard Debreu, while the problem of integrability was treated by 

Samuelson. He further noted that each of these problems may be associated with a web whose canonical 

connection is flat.
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DISSIPATIVE FOR DRONE FLIGHT 
MECHANICS WITH DRAG & 
FRICTION FORCES
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Diverse Intelligences: Cognitive & Motion Intelligence

Motion 
Intelligence

Cognitive 
Intelligence

We start to learn space (its invariances) before
learning to recognize objects in this space
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Diverse Intelligences: Cognitive & Motion Intelligence

Motion 
Intelligence

Cognitive 
Intelligence

John McEnroe: In the Realm of Perfection
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Diverse Intelligences: Cognitive & Motion Intelligence

Motion 
Intelligence

GNC

(Guidance, 
Navigation & 

Control)

ROBOTICS

(Motion 
Planning, 

Swarming)

Cognitive 
Intelligence

SMART 
SENSORS

(Object 
Recognition)

DECISION AID

(AbstractIon, 
Understanding, 

Reasoning)

OBSERVE

ORIENT

ACT

DECIDE



157
OPEN

Séminaire ARISTOTE – EDF 21 Mai 2026

1 Centrury of Motion Intelligence: Human High Jump
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Lie Group in Visio Inertial Brain System

▌ Geolocalization and Navigation :

Visio-Inertial SLAM: Visio-Vestibular Brain System

VINet: Visual-

Inertial 
Odometry as a 
Sequence-to-
Sequence 
Learning 
Problem

3

'

1 0 1 1

(3),

Z t Z

SO t R

     
=     

     

 

Works of Daniel Bennequin & Alain Berthoz

https://github.com/HTLife/VINet
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Sudden Stop

diving

High Altitude 
Escape

Sudden Change of Direction

High Speed Flight Feints

Speed x1.0
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The pursuer had learned agile interception maneuvers, sometimes managing to 
catch the escapee with very high roll and pitch angles.

Speed x1.0
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Real-world flights were simulated indoors with a simulated evasive drone. The pursuing drone attempted to avoid 
the arena's boundaries and get closer to the evasive drone; it intercepted the simulated target 12

However, we observed a difference in the interception dynamics during the simulation, likely due to a discrepancy 
between the drone dynamics model used for training the neural network and the actual drone dynamics model.
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PHYSICAL AI by PINN (Physics-Informed Neural Network) for Flight 
Mechanics

Extension of PINN Flight Mechanics 

to the Dissipative Case (Taking Drag 

into Account)

THALES Leadership on DISSIPATIVE PINN & PHYSICAL AI

by TINN & SINN 

(Thermodynamics & Symplectic-Informed Neural Networks)
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Motivation for studying Dissipative PINNs

Goal: embed a physics model in the network architecture to learn physically consistent solutions and dynamics of 
observed systems

Use cases

Trajectory generation and control

Consistent prediction system 
dynamics

Parameter identification

Infer mass, inertia, drag, wind 
force, … from observed data

Anomaly detection

Identify deviations from expected 
behavior

Why dissipative PINNs?

Conservative PINNs: embed the geometry / structure of 
conservative systems (Hamiltonian, Lagrangian)

Dissipative PINNs: must be informed on the structure / geometry of 
dissipation — not a black box

Quadcopter dynamics — wind forces, 
aerodynamic drag, motor losses are 

not negligible
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Equations for the quadcopter

Hamiltonian

Lagrangian

Metriplectic ? In progress, similar to the body in rotation
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Families of Dissipative PINNs

Dissipation structure

Black box, potential, ad-hoc, 
positive semi-definite, metriplectic

Integrator

Symplectic, Variational, usual (RK, 
…), None 

Physics constraints enforcing

Soft (loss function) vs Hard 
constraining (structural)

All these points strongly influence learning quality. 

Frameworks must be adapted case by case
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Dissipative extension of Hamiltonian Dynamics

Three ways to add dissipation to a Hamiltonian system:

External force

Most general. No structural 
constraint on F.

Symmetric dissipation

D symmetric positive semi-definite.
Ensures the decrease of energy.

Rayleigh dissipation

Decomposition of the vector field 
into an irrotational part and a 

conservative part. 

Effect on coadjoint orbits

Dissipation drives drift between orbits. Casimir invariants are not 
preserved in general.
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Metriplectic / Generic formulation

Metriplectic bracket (2-Bracket)

— It modifies the Poisson bracket into a metriplectic
bracket (metric + symplectic)
— The flow is generated by a single potential E+S 

Energy E and Entropy S

— Energy E is conserved, in the kernel of the metric 
bracket
— Entropy S is monotonic, Casimir of the Poisson 
bracket
— Both thermodynamic laws satisfied by construction

Dissipation on SO(3)

— The easiest model is an algebraic dissipation: the 
kinetic energy is preserved.

— In order to have a real dissipation, one has to add 
an external entropy variable, counting the energy 

exchange between the system and its environment.
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Metriplectic / Generic Neural Networks

MNN / GFINN principles

— Learn E and S

— Learn Poisson bracket {,}θ (antisymmetric) + metric 
(,)θ (symmetric positive)

— Enforce (E,.)=0 and {S,.}=0 in the loss (soft) or by a 
good parametrization (good projections to assure the 

orthogonality)

MNN architecture

Training strategies

— Trajectory fitting:

— Velocity fitting:

Properties and variants

— Trajectory reconstruction: use a GENERIC integrator, 
or a simple integrator

— If entropy is not accessible, then one can consider it 
as a latent variable and project the predictions on the 

observable variables (DiLar-NN)
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Conclusion

Jean-Marie Souriau
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2nd Principle by Henri Poincaré (Bon sens paysan)
fable of the grain of oats and the pile of wheat

With his “peasant common sense”,
Henri Poincaré described the 2nd
principle in the form of a fable of
the grain of oats and the pile of
wheat, in the last sentence of his
course:
[…] Suppose we want to place a
grain of oats in the middle of a pile
of wheat; it will be easy; suppose
that we then want to find it there
and remove it; we will not be able
to achieve this. All irreversible
phenomena, according to certain
physicists, are built on this model
[Supposons que nous voulions
placer un grain d’avoine au milieu
d’un tas de blé ; cela sera facile;
supposons que nous voulions
ensuite l’y retrouver et l’en retirer;
nous ne pourrons y parvenir. Tous
les phénomènes irréversibles,
d’après certains physiciens,
seraient construits sur ce modèle ].
(Poincaré 1908)

Supposons que nous voulions 

placer un grain d’avoine au milieu 

d’un tas de blé; cela sera facile; 

supposons que nous voulions 

ensuite l’y retrouver et l’en retirer; 

nous ne pourrons y parvenir. 
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Symplectic Foliation Transverse Structure of Dissipative 
Thermodynamics

Reeb’s
Foliation 
Theory: 

Symplectic
Foliation, 

Transverse 
Metric

Foliation

Souriau’s Lie 
Groups 

Thermodynamics
with Entropy as 

Casimir Function

Metriplectic
Flow & 

Onsager-
Casimir 

Relations

•Arutyunov, G., Elements of 
Classical and Quantum 
Integrable Systems, 
Springer, (2019)

•Fedida, E. : Sur la théorie 
des feuilletages associée 
au repère mobile : cas des 
feuilletages de Lie. Lecture 
Notes in Mathematics, vol 
652. Springer (1978)

•Sabourin, H. : Quelques 
aspects de la méthode des 
orbites en théorie de Lie, 
HDR spécialité 
Mathématique, Université 
de Poitiers, 15 Décembre 
2005

•Dazord, P., Molino, P. : -
Structures poissonniennes
et feuilletages de 
Libermann, Publications du 
Département de 
Mathématiques de Lyon, 
fascicule 1B, « Séminaire 
Sud-Rhodanien 1ère partie 
», chapitre II , p. 69-89 
(1988) Libermann 

Foliation 
and 

Haefliger

-Structure

Hervé 
Sabourin 

Transverse 
Poisson 

Structure

Polar 
Foliation, 
Bifoliation

and 
Bifibration

Foliation 
based on 

Elie Cartan 
Moving
Frame

Symplectic
Foliation

Transverse
Metric

Foliation

NON-DISSIPATIVE

DISSIPATIVE

FISHER METRIC

HESSIAN OF MASSIEU

KKS 2-FORM

DUAL FISHER METRIC

HESSIAN OF ENTROPY

Information

Geometry
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DISSIPATIVE MACHINE LEARNING: BORGES’ LEARNING

What is the role of « Dissipation » in Machine Learning ?

▌ Classical Machine Learning

▌ Dissipation (as friction) in Machine Learning

▌ Langevin Dynamics

”Forgetting and memory 
are equally inventive.”

[L'oubli et la mémoire sont 
également inventifs ] 

Jorge Luis Borges 
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https://www.ntu.edu.sg/spms/news-events/events/detail/2026/09/28/default-

calendar/ias-frontiers-conference-on-geometry--dynamics--and-learning

IAS Frontiers Conference on Geometry, Dynamics, and Learning (GDL2026)
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NAFEMS/TERATEC Seminar

CENTRALESUPELEC

ENSAM

INRIA

DUOVERSE (spin-off DesCartes CNRS@CREATE)

NEURALCONCEPT 

ANSYS-SYNOPSYS

YasAI UG

MICHELIN

THALES
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Structure de feuilletage symplectique transverse pour la thermodynamique 
dissipative, fondée sur le modèle géométrique de mécanique statistique de Souriau

▌ Résumé

Les réseaux de neurones informés par la Physique (PINN « Physics-Informed Neural Network » et HNN « Hamiltonian Neural 
Network ») sont une alternative pour une IA plus frugale en données et en consommation énergétique en hybridant les 
modèles analytiques de la physique avec les techniques d’apprentissage. Nous présenterons des outils géométriques 
venant de la théorie des représentations des groupes de Lie (travaux de Alexandre Kirillov, Bertram Kostant et Jean-Marie 
Souriau), de la cohomologie des algèbres de Lie (travaux de Jean-Louis Koszul), des structures de feuilletage symplectique 
(travaux de Charles Ehresmann, Georges Reeb et Paulette Libermann) et de l’équation métriplectique (travaux de Baptiste 
Coquinot). La géométrie symplectique est la « grammaire » commune des systèmes dynamiques de la physique classique 
ou quantique. Nous commencerons par présenter des réseaux de neurones équivariants qui utilisent des convolutions sur 
les groupes de Lie non-compacts pour des applications radars ou caméra hémisphériques. Après avoir introduit le modèle 
symplectique de la mécanique statistique, appelée « Thermodynamique des groupe de Lie », nous l’interprétons comme 
une extension de la géométrie de l’information aux groupes de Lie qui donne une définition purement géométrique à 
l’Entropie. L’Entropie apparait ainsi comme une fonction de Casimir invariante en représentation coadjointe, sur les 
feuilletages symplectiques générés par les orbites coadjointes via l’application moment (l’application moment étant une 
géométrisation du théorème d’Emmy Noether). Sur la base des travaux de Paulette Libermann sur les feuilletages 
Lagrangiens transverses à connexion canonique plate, autour de ce qu’Élie Cartan appelait le « problème d’équivalence » 
pour s’affranchir du choix de tout système de coordonnées, nous étendons le modèle de Jean-Marie Souriau de la « 
Thermodynamique des groupes de Lie » au cas dissipatif via un feuilletage Riemannien, s’interprétant comme les courbes 
de niveaux de l’énergie, transverse au feuilletage symplectique précédent correspondant aux courbes de niveau de 
l’entropie ; donnant ainsi une interprétation géométrique au 2nd principe de la thermodynamique de Sadi Carnot. Nous 
illustrons ce modèle symplectique de la dissipation pour les réseaux de neurones informés par la thermodynamique (TINN « 
Thermodynamics Informed Neural Networks »). Nous montrerons comment ces modèle dissipatifs peuvent être utilisés par 
des réseaux de neurones informés par la physique pour le cas de la mécanique de vol des drones en modélisant le 
phénomène dissipatif de la trainée. Nous conclurons par une question ouverte « quel rôle joue la dissipation dans les 
processus d’apprentissage sachant que toutes les techniques existantes d’intelligence artificielle sont basées sur des 
gradients d’apprentissage non-dissipatifs ? »..
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Structure de feuilletage symplectique transverse pour la thermodynamique 
dissipative, fondée sur le modèle géométrique de mécanique statistique de Souriau
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Structure de feuilletage symplectique transverse pour la thermodynamique 
dissipative, fondée sur le modèle géométrique de mécanique statistique de Souriau
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Koszul Book on Souriau Work: 
The Little Green Book
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Koszul Book on Souriau Work: 
The Little Green Book

file:///C:/Données/T0004940/ex-Bureau/IHES 2016 expose/Presentation IHES/Introduction to Symplectic Geometry.mp4
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To Go Further on Information Geometry and Symplectic Geometry
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Elsevier Handbook of Statistics n°46 « Geometry and Statistics »

https://www.elsevier.com/books/geometry-and-statistics/nielsen/978-0-323-91345-4

https://www.sciencedirect.com/science/article/abs/pii/S0169716122000062
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INFORMATION GEOMETRY, SPRINGER JOURNAL
https://www.springer.com/mathematics/geometry/journal/41884

Special Issue: 

Affine Differential Geometry and Hesse Geometry: 

A Tribute and Memorial to Jean-Louis Koszul

Submission Deadline: 30th November 2019
Jean-Louis Koszul (January 3, 1921 – January 12, 2018) was a French mathematician

with prominent influence to a wide range of mathematical fields. He was a second

generation member of Bourbaki, with several notions in geometry and algebra named

after him. He made a great contribution to the fundamental theory of Differential

Geometry, which is foundation of Information Geometry. The special issue is dedicated to

Koszul for the mathematics he developed that bear on information sciences.

Both original contributions and review articles are solicited. Topics include but are not

limited to:

- Affine differential geometry over statistical manifolds

- Hessian and Kahler geometry

- Divergence geometry

- Convex geometry and analysis

- Differential geometry over homogeneous and symmetric spaces

- Jordan algebras and graded Lie algebras

- Pre-Lie algebras and their cohomology

- Geometric mechanics and Thermodynamics over homogeneous spaces

Guest Editor:

Hideyuki Ishi (Graduate School of Mathematics, Nagoya University)
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Books on Thermodynamics
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Charles-Michel Marle Books

https://www.amazon.fr/gp/pro

duct/2916352708/ref=dbs_a_d

ef_rwt_bibl_vppi_i0

https://www.amazon.fr/gp/product/2916352708/ref=dbs_a_def_rwt_bibl_vppi_i0
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Introduction to Lie Groups Representation Theory , Symplectic and Poisson 

Geometries (Université Paris Saclay & Sorbonne Université Lectures)
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Poisson Geometry

Yvette Kosmann-Schwarzbach Camille Laurent-Gengoux
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Liste des participants au colloque de Strabourg de 1953

▌ Organisateurs

Charles Ehresmann, University of Strasbourg, 
France.

André Lichnerowicz, Collège de France.

▌ Participants

E. Bampiani, Roma, Italy.

S. S. Chern, Chicago, USA.

E. T. Davies, Southampton, England.

P. Dedecker, Brussels, Belgium.

B. Eckmann, Zürich, Switzerland.

E. Heinz, Göttingen, Germany.

N. H. Kuiper, Wageningen, Netherlands.

H. Rund, Bonn, Germany.

M. Villa, Bologne, Italy.

T. J. Willmore, Durham, England.

J. L. Koszul, Strassbourg, France.

Paulette Libermann, Strasbourg, France.

G. Reeb, Grenoble, France.

L. Schwartz, Paris, France.

J. M. Souriau, Tunis, France.

R. Thom, C.N.R.S., France.

A. Weil, Chicago, USA.

A. Aragnal, Paris, France.

M. Berger, Paris, France.

D Bernard, Paris, France.

C. de Carvalho, Rio de Janeiro, Brazil.

C. Chabauty, Strassbourg, France.

G. Cerf, Strassbourg, France.

R. Debever, Brussels, Belgium.

M. Decuyper, Lille, France.

J. Deny, Strasbourg, France.

A. Frölicher, Zürich, Switzerland.

F. Gallissot, Grenoble, France.

L. Godeaux, Liège, Belgium.

H. Guggenheimer, Bôle, Switzerland.

R. Guy, Neuchâtel, Switzerland.

M. Heins, Brown University, USA.

R. Hermann, Amsterdam, Netherlands.

H. Hopf, Zürich, Switzerland.

M. Iss, Strasbourg, France.

F. Jongmans, Liège, Belgium.

G. Legrand, Paris, France.

S. Lemoine, Paris, France.

J. Loiseau, Paris, France.

M. Lyra, Sao Paolo, Brazil.

B. Malgrange, Paris, France

J. Milnor, Zürich, Switzerland.

R. Piedvache, Poitiers, France.

G. de Rham, Lausanne, Switzerland.

M. H. Schwartz, Paris, France.

H. B. Shutrick, Liverpool, England.

E. H. Spanier, Chicago, USA

W. Süss, Freiburg, Germany.

Y. Thiry, Tunis, France.
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Transverse Structure of Foliations
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Transverse Structure of Foliations
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150th birthday of Thermodynamics – Ecole Polytechnique

1824-2024: 200 years
publication of Carnot’s Book1st & 2nd Thermodynamics Principles
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Gery de Saxcé & Claude Vallée

This title proposes a unified approach to continuum 

mechanics which is consistent with Galilean relativity.  

Based on the notion of affine tensors, a simple 

generalization of the classical tensors, this approach 

allows gathering the usual mechanical entities — mass, 

energy, force, moment, stresses, linear and angular 

momentum — in a single tensor.

Starting with the basic subjects, and continuing through 

to the most advanced topics, the authors' presentation is 

progressive, inductive and bottom-up. They begin with 

the concept of an affine tensor, a natural extension of 

the classical tensors. The simplest types of affine tensors 

are the points of an affine space and the affine functions 

on this space, but there are more complex ones which 

are relevant for mechanics − torsors and momenta. The 

essential point is to derive the balance equations of a 

continuum from a unique principle which claims that 

these tensors are affine-divergence free.

https://www.wiley.com/en-

us/Galilean+Mechanics+and+Thermodynamics+of+Conti

nua-p-9781848216426

https://www.wiley.com/en-us/Galilean+Mechanics+and+Thermodynamics+of+Continua-p-9781848216426
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SOURIAU’S MOMENT MAP
By VLADIMIR ARNOLD
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Maurice Fréchet, papier de 1943 et cours de l’IHP de l’Hiver 1939

C.R. Rao, “M. Fréchet, Sur l'extension de certaines evaluations statistiques au cas de petits échantillons, 
Revue de l'Institut International de Statistique, Vol. 11, No. 3/4 (1943), pp. 182-205

Manuscrit perdu du cours de statistique mathématique à 
l’Institut Henri Poincaré pendant l’Hiver 1939-1940 !

https://www.jstor.org/stable/1401114



198
OPEN

Séminaire ARISTOTE – EDF 21 Mai 2026

Triple Orthogonal Systems : Darboux and Lamé
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Geometry of Dissipation by Roger BALIAN
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Geometry of Dissipation by Roger BALIAN
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Capture of Symmetries
Symmetry Group Equivariance in Physics

▌ Reference:

https://arxiv.org/abs/2203.06153

https://arxiv.org/abs/2203.06153

